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Summary on Finite horizon MDP

%: {S,A,F,P,H},
r:SXA-|[0,1], HEN, P:SXAr A(S)

. Policy will be time dependent

. DP takes H steps to compute 7
- total computation time is O(H | S|*|A )

- N0 need to use contraction argument and no discount factor
. Extension to non-stationary setting works immediately:

(i.e. with a non-stationary transition model: Py(s’| s, a), P;(s'| s, a), ...Py_(s'| s, a))

*
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Q: given a discrete MDP, how many unique policies we have?

(1a19)"

So treating each policy as an “arm” and running UCB gives us regret 0(\/ | A ||S|HN)

This seems bad, so are MDPs just super hard or can we do better?
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UCBVI: Tabular optimism in the face of uncertainty

Inside 1teration 7 :

N

Use all previous data to estimate transitions P 7, ..., P, ,

Design reward bonus b, (s, a), Vs, a, h

Optimistic planning with learned model: 7" = Value-Iter ({ P, r,+b}, 11)

Collect a new trajectory by executing 7" in the real world {Ph}H o Starting from s,

11



Model Estimation

Let us consider the very beginning of episode n:

n __ A | n—1
Dy = A8 Qs Sy 1 iy > Y

12



Model Estimation

Let us consider the very beginning of episode n:
Diy = s ajp Spn V=)V

Let’s also maintain some statistics using these datasets:

12



Model Estimation

Let us consider the very beginning of episode n:
n __ N R n—1
Dy = A8 Qs Sy 1 iy > Y
Let’s also maintain some statistics using these datasets:

n—1 n—l
N, (s,a) = Z 1{(s},a;) = (s,a)},VYs,a,h, N(s,a,s’) = Z 1{(s;.a,, s, ,) = (s,a,5)},Vs,a,h
=1 =1

12



Model Estimation

Let us consider the very beginning of episode n:
n o I 1 ol n—1
Dy = S Ao Sy Jjmp » V1
Let’s also maintain some statistics using these datasets:

n—1 n—l
N, (s,a) = Z 1{(s},a;) = (s,a)},VYs,a,h, N(s,a,s’) = Z 1{(s;.a,, s, ,) = (s,a,5)},Vs,a,h
=1 =1

N

Estimate model P (s'|s,a),Vs,a,s’, h:

e N(s,a,s’
P(s'|s,a) = 15,4,5)
NJ\(s, a)
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a 0

13



UCBVI: Put All Together

Forn=1—-> N:

n—1
1.Set Nj'(s,a) = ) 1{(s},a) = (s,a)},Vs,a,h
i=1
n_l . . .
2.Set N)(s,a,s’) = Z (s, a8, ) = (s,a,5)},Vs,a,a’,h
i=1
— Ny (s,a,s’)

3. Estimate P": P 28] s,a) = Vs,a,s' h
Nj(s,a)

log(SAHN/0)

4. Plan: n”zVI( f)\”,r + b ),with b'(s,a) = cH
(P b)) with (s, \/ o

5. Execute 7" : {s{,al, 1y}, ..., Sy_i.ary_ 1, Ty_1, S}

14



High-level Idea: Exploration Exploitation Tradeoft

Upper bound per-episode regret: V(;k (Sg) — V(’)’n(SO) < /V\S(SO) — V(’)’n(SO)



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(;k (Sg) — V(’)’n(SO) < /V\S(SO) — V(’)’n(SO)

1. What if /V\S(SO) — Vgn(so) is small?



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(f (Sg) — Vgn(SO) < /V\S(SO) — V(’)’n(s())
1. What if /V\’S(SO) — Vgn(so) is small?

Then 7" is close to 7™, i.e., we are doing exploitation



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(f (Sg) — Vgn(SO) < /V\S(SO) — V(’)’n(s())
1. What if /V\’S(SO) — Vgn(so) is small?

Then 7" is close to 7™, i.e., we are doing exploitation

2. What if /V\S(SO) — V(’)’n(so) is large?



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(;k (Sg) — V(’)”n(so) < /V\S(SO) — V(’)’n(so)
1. What if /V\’S(SO) — V(’)Tn(so) is small?

Then 7"t is close to 7™, i.e., we are doing exploitation

2. What if /V\’S(SO) — Vgn(so) is large?

H-1
V 5(so) — Vgn(so) < Z = andr” lb;l’(s, a)+ (P, (-|s,a)—Py(-|s,a))- V, | mustbe large
h=0

15



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(;k (Sg) — Vgn(so) < /V\S(SO) — V(’)’n(so)
1. What if /V\’(’)l(SO) — V(’)Tn(so) is small?

Then 7"t is close to 7™, i.e., we are doing exploitation

Not obvious 2. What it Vg(so) — V{f (S()) is large?

N\ e

V 5(so) — Vgn(so) < Z = andr” lb;l’(s, a)+ (P, (-|s,a)—Py(-|s,a))- V, | mustbe large
h=0

15



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(;k (Sg) — Vgn(so) < /V\g(so) — V(’)’n(so)
1. What if O(SO) V(’)Tn(s()) is small?

Then 7"t is close to 7™, i.e., we are doing exploitation

Not obvious 2. What if O(SO) Vi (sp) is large?

_ N\ ]

Vi(so) = Vi (sp) < Z = amdr” lb"(s a)+ (P '(-|s,a) = Py |s,a)) - VhJrl must be large

We collect data at steps where bonus is large or model is wrong, i.e., exploration

15



High-level Idea: Exploration Exploitation Tradeoft
Upper bound per-episode regret: V(;k (Sg) — Vgn(so) < /V\g(so) — V(’)’n(so)
1. What if /V\’S(SO) — V(’)Tn(s()) is small?
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Not obvious 2. What if O(SO) Vi (sp) is large?

_ N\ ]

Vi(s) = Vi (s0) < Z = amdr” lb”(s a)+ (P '(-|s,a) = Py |s,a)) - Vh+1] must be large

We collect data at steps where bonus is large or model is wrong, i.e., exploration

- |Regret, | := [i v ] < 0 (H*/3AN)

n=1
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Linear MDP Definition
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Linear MDP Definition

Finite horizon time-dependent episodic MDP ./ = {S,A,H, {r},, { P}, Sy}

S & A could be large or even continuous, hence poly(S,A) is not acceptable

Py(s'|s,a) = p)[(s) - p(s.a), puFeSHRLPESXA I

r(s,a) = 6’; - (s, a), 6’; e R

Feature map ¢ is known to the learner!
(We assume reward is known, i.e., 8* is known)
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UCBVI in Linear MDPs

At the beginning of iteration n:

.. D nyH-1 - i i i n—1
1. Learn transition model { P }},—, from all previous data {s,,a,, s, ., }:_,

2. Design reward bonus b;'(s,a), Vs, a

3. Plan: 77! = Value-Iter ({ j’\”}h, {r, + b,:’})

19
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- D nyH-1
How to estimate { P}, _y?

Denote 0(s) € RIS with zero everywhere except the entry corresponding to s

Given s,a, note that £y _p (5.4 [é(s’)] = P,(- |s,a) = u¢(s,a)

Penalized Linear Regression:

n—1
min ) |lug(sj, af) — S(sp, I3 + Allull:
izl

n—1 n—1
Al=Y d(shaDp(sh.a)T + Al ar = AN~y 8Gsi, bisia)T
i=1 =1

N

PouC-|s,a) = upp(s, a)

20



How to choose b, (s, a)?

Chebyshev-like approach, similar to in lInUCB:

bii(s, @) = y/ (s, (AN p(s. @), = O(dH)




INUCB-VI: Put All Together

Form=1—> N_:

n—1
1.Set Al = ) (sh aDd(sh,a)T + Al
=1
n—1
2. Set i = (AN~ Y 8(sp, Dbsp a)T
=1

N

3. Estimate P": P7(-|s,a) = i)¢(s,a)

4. Plan: 2" = VI ({ P, 1 + by}, ), with bi(s, a) = cdHy [ p(s, @) (AP (s, )

5. Execute 7" : {Sg, ag’, Fg, cees Sg_l, Clﬁ_p 7’?1_1, SZ}
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INUCB-VI: Put All Together

Forn=1—> N_:

n—1
1.Set A = Z ¢(S;;, a;;)¢(s,§, a;;)T + Al
=1

2. Set An) 1 Z 5(Sh+1)¢(sha ah)T

N

3. Estimate P": P '+ |s,a) = wip(s, a)

4. Plan: 2" = VI ({ P, 1 + by}, ), with bi(s, a) = cdHy [ p(s, @) (AP (s, )

n n n n
 Sp—10 Q1o T 1 SH 1

- |Regret, | = [EN: (v22 w)] 0 (Hd">/N)

n=1

5. Execute 7" : {5y, ay, 1, - -




INUCB-VI: Put All Together

Form=1—> N_:

n—1
1.Set A = Z ¢(S;;, a;;)¢(s,§, a;;)T + Al
=1

2.Set i An) 1 Z 5(Sh+1)¢(sha ah)T

N

3. Estimate P": P '+ |s,a) = wip(s, a)

4. Plan: 2" = VI ({ P, 1 + by}, ), with bi(s, a) = cdHy [ p(s, @) (AP (s, )

5. Execute 7" : {Sg, ag’, I”g, cees Sg_l, Clﬁ_la 7”13_1, SZ}

- |Regret, | = [EN: (v22 w)] 0 (Hd">/N)

n=1

No S, A dependence!



Today

Recap

Why we don’t want to treat MDPs as big contextual bandits
UCB-VI for tabular MDPs

UCB-VI for linear MDPs
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loday’s summary:
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UCB-VI algorithm for tabular MDPs
» Uses UCB idea, but leverages MDP structure
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loday’'s summary:

UCB-VI algorithm for tabular MDPs
» Uses UCB idea, but leverages MDP structure

1-minute feedback form: https://bit.ly/3RHtIxy


https://bit.ly/3RHtlxy

Simulation Lemma

Vi) =0, Qjs,@) =min{ r,(s,0) + bji(s, @) + Pi(-|s,a)- Vi, H |

V7 (s) = max /Q\Z(s, a), m(s)= argmax /Q\Z(s, a),Vs

a

Lemma [Simulation lemmaj:

H-1
VS(S()) — Vgn(so) < Z =, a~dr" lb}?(sa a)+ (P Z( - |s,a) — P+ |s,a)) - VZH]
h=0
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Vi) =0, Qjs,@) =min{ r,(s,0) + bji(s, @) + Pi(-|s,a)- Vi, H |

V5 (s) = max /Q\Z(s, a), m(s)= argmax /Q\Z(s, a),Vs

a

Lemma [Simulation lemma]:

H-1 ;
Vo) = Vi) < X By g | (s @) + (P (- [5,0) = Py .0 - Vi,
h=0 _

Viso) = Vg (sp) = Q (50, 7"(50)) — O (50 "(50)
< 19(89, T (8p)) + b, (59, T (5p)) + 70\8( | 8, (8p)) - /V\rf — 1o(Sp> " (Sp)) — Po( - | Sp, "(5p)) - Vi n
= bj(sp, 7"(50)) + P (- 59, 7"(5)) - Vi = Po( - |5, #"(59)) - V'

= by, (59, 7"(50)) + (ﬁg( |50, 77(50)) — Po( - | 50, ﬂn(So))) ' /V\rf + Py( - |59, 7"(50)) - </V\711 — an)

H-1 ] _
— Z _S,aNd;fn bZ(S,a)"‘(PZ( |S9a)_Ph(° |S9a)) ) VZ_|_1
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