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Today

HW?2 posted
Recap

Today:

 Value lteration works directly with a vector V which converging to V*.
Is there an iterative algorithm that more directly works with policies?
« Part 1: policy evaluation.
e Part 2: policy iteration.



Recap



Define Bellman Operator & :

Bellman Equations: V(s) = max [r(s, a) + }/[ES/NP(S,Q)V(S ’)]
a

-Any function V : § — R can also be viewed as a vectorin V € RISI
. Define 7 : Rl R where

(TV)(s) := max [l”(s, a)+y [Es'~P(s,a)V(S/)]

- Bellman equations in terms of I :
gV=V



Value lteration Algorithm:

1
0,——
1 -y

1. Initialization: V¥ : ||VY||, €

2. lterate until convergence: V"' « V!




What is the Per-lteration Computational Complexity?

. Making the update V"' < J V' explicit:
- Define Q™+
Vs,a O™F\(s,a) = r(s,a) + yz P(s'| s, a)V'(s")

s'es ) ¢ ¢
. Ry
Vs V*tl(s) = max O™ (s,q) ~—~— A s
a & /ﬁ /\
° C

>

‘What is the order of the number of basic arithmetic operations?



Convergence of Value lteration:

Lemma [contraction]: Given any V, V', we have:
[TV =TV <7lIIV-Vly

—

Lemma [Convergence]: Given V', we have:
IV = V¥l < VIV = VI,



Computational Complexity of Vi
(for approximating V*)

Runtime: VI will return a V7 s.t. iINn N0 more than

N0°-vle -
o T o

ations.

So the computational complexi r an €-accurate solution is



But what about the policy we find with VI?

Theorem: For any V, let 7(s) = arg max [r(s, a) + [ES/NP(S’Q)V(S/)] , then
a

Az
/ (2) = VH(s) 2 VA(s) _lz__yy”V_ Vil



But what about the policy we find with VI?

Theorem: For any V, let 7(s) = arg max [r(s, a) + [ES/NP(S,a)V(S/)] , then

a

2
VA(s) > V*(s) — 1—7||V— &l
-7

In(2/((1 —7)%)) Z
Runtime: After 1 iterations of PI, we have: V7 (s) > V*(s) — ¢,
-7V
and, the total runtime of VI is:

0( lsllz_":l In(1/((1 —}/)2€)>>




But what about the policy we find with VI? -,

;—{
)
Theorem: For any V, let 7(s) = arg max [r(s, a) + [ES/NP(S’Q)V(S/)] , then
2 : o O
VA(s) > V*(s) _1_7/”‘/— V¥l vl “ ﬁ;))
—7 9 —
V@ 2 Qs e
; (T [s))
In(2/((1 —p)%)) :
Runtime: After " iterations of B, we have: V7 (s) > V*(s) — ¢, Q .
— }/ -
and, the total runtime of VI is: Vf (5/(7 )
|SI°|A] ,
o(— In(1/((1 —y)%))
—Y

[~ [a \
=oE = (7% /%

2
We replace € < (1 —y)e/2, then VI will return V' s.t. ||[VI= V|| < (1 —y)e/2.

t 2
Thus, V7(s) > V*(s) — 1—y||Vt VAl = VA — €
—7

9



Today:

Let’s start with Policy Evaluation

Given MDP ./ = (S,A,r,P,y) &apolicy 7 : S — A,
how do we compute V*(s5)?
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Exact Policy Evaluation



Exact Policy Evaluation

- V" satisfies the Bellman consistency conditions:
Vs, VE(s) = r(s, a(s)) + YE  pisais) V(8
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Exact Policy Evaluation

- V" satisfies the Bellman consistency conditions:
Vs, Vi(s) = r(s, n(s)) + yE, . P(M(S))V”(S’)
* or, equivalently,
Vs, Vi(s) = r(s, () + 7 ) P(s'] 5, (s) V(s

s'eS
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Exact Policy Evaluation

- V" satisfies the Bellman consistency conditions:
Vs, VE(s) = r(s, a(s)) + YE  pisais) V(8
* or, equivalently,
Vs, V(s) = r(s, n(s)) +y Z P(s'| s, n(s))V*(s")
s'eS
-This gives us | S| linear constraints.
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Exact Policy Evaluation

- V" satisfies the Bellman consistency conditions:
Vs, VE(s) = r(s, a(s)) + YE  pisais) V(8
* or, equivalently,
Vs, V(s) = r(s, n(s)) +y Z P(s'| s, n(s))V*(s")
s'eS
-This gives us | S| linear constraints. JQW%/(&FF

@%[f

- Exact algorithm: Find V that solves the following linear system:
Vs, V(s) = r(s.7(s)) + 7 ) P(s'| s, a(sV(s) =

s'es

11



Exact Policy Evaluation

- V" satisfies the Bellman consistency conditions:

Vs, VE(s) = r(s, a(s)) + YE  pisais) V(8

* or, equivalently,

Vs, V(s) = r(s, n(s)) +y Z P(s'| s, n(s))V*(s")
s'eS

-This gives us | S| linear constraints.

- Exact algorithm: Find V that solves the following linear system:
Vs, V(s) = r(s, 2(s)) + 7 ) P(s'| s, m(s) V(s)

s'eS
- Theorem: This system of linear equations has a unique solution, which is V*.
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Exact Policy Evaluation: Matrix Version



Exact Policy Evaluation: Matrix Version

. Define: R'€ RIS where R = r(s, n(s)), and P* € RISXISI where P’ = P(s'|s, n(s))
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Exact Policy Evaluation: Matrix Version

. Define: R € RIS!, where R = r(s, n(s)), and P* € RISXISI where P’ = P(s'|s, n(s))
-So we want to find V € RPl s.t.

v
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Exact Policy Evaluation: Matrix Version

. Define: R € RIS!, where R = r(s, n(s)), and P* € RISXISI where P’ = P(s'|s, n(s))
-So we want to find V € Rl sit. =D (15 V = p*

I

Vv R P |4

- Algo: compute /R #o
One can show that I — yP” is full rank (thus mvertlble)”// @ b’?) X ZD
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Exact Policy Evaluation: Matrix Version

. Define: R € RIS!, where R = r(s,n(s)), and P* € RISXISI where Py = P(s'|s, n(s))
-So we want to find V € RPl s.t.

v

Vv R P |4

 Algo: compute
One can show that I — yP” is full rank (thus invertible).
- Runtime: This approach runs in time O(| S |3).
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Is there an iterative version?
(that is faster, but approximate?)

Algorithm (lterative PE):

e 0 0 1
1. Initialization: V" : ||VY|| , € 0,1—
-7
2. Iterate until convergence: V'*! « R+ yPV!

13




Is there an iterative version?
(that is faster, but approximate?)

Algorithm (lterative PE):
1
0,——
L=y
2. lterate until convergence: V™! « R + yPV'

1. Initialization: V¥ : || V]|, €

What’s the computational complexity per iteration?

>(s*)

13



Contraction of lterative PE

Theorem: After t iterations, we have:
IV = Vol < 7IIVO = V7|l

14



Contraction of Iterative PE
Theorem: After t iterations, we have:

IV = V7l < ¥IIVY = VAl

Proof: (really the same as before)
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Contraction of lterative PE

Theorem: After t iterations, we have:
IV = Vol < 7IIVO = V7|l

Proof: (really the same as before)

ViH(s) = Vi) | =

r(s, 7(s)) + y[Es’NP(.|s,ﬂ(s))Vt(S,) — <’"(S, n(s)) + }’[ES'NP(.|S,,T(S))VE(S,)> ‘

=7

Eyp1smsn V') = Egep(sasy V(s ‘

Vi(s) = V(s

< y[Es’NP('|S’”(S))
<rllvi-vl,
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Runtime Comparison:
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Runtime Comparison:

. Runtime of Iteratlve PE After In H Vo — H / (1 — y) iterations of iterative

PE, we have ||V’ — Tod oo
2
|

Thus, the total runtime is: O( ln(l/((l — y)e))).

I -y
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Runtime Comparison:

. Runtime of Iterative PE: After ln( H Vo — vy~ H oo/6)/(1 — y) iterations of iterative

PE, we have ||V = V*|| , <.
2
|

Thus, the total runtime is: O(

1_yln(1/((1—y)€))>.

. Contrast this to the exact algo which is O(S?).
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Outline:

Part 1: Policy Evaluation
Part 2: Policy lteration
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Policy lteration (PI)

« Initialization: choose a policy 7' : S —» A
e Fort=0,1,...
1. Policy Evaluation: compute V”t(s) and Q”t(s, a), where
Q™(s,a) = r(s,a) +7 ) P(s'|s,a)V"(s')

s S~ TN IVT -

2. Policy Improvement: set —

ST pPls,
7 +1(s) := arg max Q% (s, a) !
a

17



Policy lteration (PI)

« Initialization: choose a policy 7' : S —» A
e Fort=0,1,...
1. Policy Evaluation: compute V”t(s) and Q”t(s, a), where
Q™(s,a) = r(s,a) +7 ) P(s'|s,a)V"(s')

/

S
2. Policy Improvement: set

7 +1(s) := arg max Q% (s, a)

0V v Coeqp coer /)
What’s the Computatlonal complex%er iteration?

& (s x Isii40)

17




Policy lteration (PI)

« Initialization: choose a policy 7' : S —» A
e Fort=0,1,...
1. Policy Evaluation: compute V”t(s) and Q”t(s, a), where
Q™(s,a) = r(s,a) +7 ) P(s'|s,a)V"(s')

/

S
2. Policy Improvement: set

7 +1(s) := arg max Q% (s, a)

What’s the computational complexity per iteration?
3 2
O(|S|"+[S7[A])
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Policy lteration (PI)

« Initialization: choose a policy 7' : S —» A
e Fort=0,1,...
1. Policy Evaluation: compute V”t(s) and Q”t(s, a), where
Q™(s,a) = r(s,a) +7 ) P(s'|s,a)V"(s')

o
S/ éLt?C

2. Policy Improvement: set e Z V\(S:§)+ y £
7't 1(s) := arg max Q” (s, a) e

a

What’s the computational complexity per iteration?
3 2
O(|S|"+[S7[A])

What about convergence?
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Two Properties of Policy Iteration:

1. Monotonic improvement:

]V/S VEIH(S) > Vﬂt(S)

18



Two Properties of Policy Iteration:

1. Monotonic improvement:

V7 (s) > VE(s)

2. Convergence to V™*:

t+1

[ve—ve | v lve=ve]l

18



Monotonic Improvement of Pl

Lemma: We have V”TH(S) > V”r(s).

19



Monotonic Improvement of Pl

Lemma: We have V”m(s) > V”[(s).

ol 4
/Z_/(/((§§ = Vﬂ\ CS)

Proof:
1 t
 First, let us show that S V* > V”*.

19



Monotonic Improvement of Pl

Lemma: We have V”m(s) > V”T(s).

Proof:
1 t
o First, let us show that Y V* > V*,

T V™(s) = max [I’(S, a) + Y[Es'fvP(s,a)Vﬂt(S/)]

> (s, 7'(8)) + YE - pgs sy V™ (5)
= y*

19



Monotonic Improvement Proof

20



Monotonic Improvement Proof

- By construction of 7'

TV=(s) = r(s, £41()) + YEqop(s piigsy V7 (8)
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Monotonic Improvement Proof

- By construction of 7' L:
TVE(s) = 1(s, 277(5)) + YEgops.pvisy V" (87
g

e Using last two claims:
t+1

vels) = VA > Ve (s) = TVRGs)

=+, e
= }/IEs'NP(S,Jt""l(S)) [Vﬂ (S) -V (S )]

—

20
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Monotonic Improvement Proof

- By construction of 7' 495,

9VEI(S) = I"(S, ﬂH_l(S)) + y[ES/NP(S,ﬂt+1(S))VﬂI(S/)

ing last two claims:
t+1

rS
/ L\ Q ( p 'F-/ ( :7
1 f neet prast -
VE () = VA (s) > VE (s) = TV7(s) e v op 2ot
= YEyps,ai(s)) [V”m(S’) — V”t(s’)]

 Recursing, &J\/

+ t t+ t S
ij' l(s) — V’T (S) Z }/[ES/NP(S,ﬂtH(S)) [Vﬂ I(S/) — Vﬂ (S,)] =
aQ G . 7[

e~
Z }/2[ES/~P(S,7[’+1(S)) [[ES"NP(S',JZH‘I(S’)) [Vﬂf+1(5//) _ Vﬂt(sx/)]]
Y= )
— 0

20



Convergence to V*

Theorem: For PI, ||V* — V”ZHIIC>O <7||V* - Vﬂ[”oo



Convergence to V*
t+1 t
Theorem: For PI, ||[V* — V7 || <y||[V* = V7|

Proof:



Convergence to V*

Theorem: For PI, ||V* — V”ZHIIC>O <7||V* - Vﬂ[”oo

v _374 Sé@ -
Proof: A ! S,

t ‘ <
. First, let us show that VZ" (s) > TV7(s) = V© &)



Convergence to V*
Theorem: For PI, ||V* — V’THIIIC>O <yIvV* = Vv&|,

Proof:

« First, let us show that V”m(s) > P]’V”YS)

* As we observed in our previous proof:
t+1

VE(5) = TVE(S) = VE by oty [Vﬂ’“(s') - Vﬂ’(s')]
W

/J,_



Convergence to V*
Theorem: For PI, ||V* — V’THIIIC>O <yIV* = V7l

Proof:

« First, let us show that V”m(s) > P]’V”YS)

* As we observed in our previous proof:
t+1

VE(5) = TVE(S) = VE by oty [Vﬂ’“(s') - Vﬂ’(s')]

« The claim is completed since V”m(s’) — Vﬂt(S/) > (0 by monotonicity.



Convergence to V*

Theorem: For PI, ||V* — V’THIIIC>O <7||V* - Vﬂ[”oo
A o [ilco \/j: +45
Proof: \“

« First, let us show that V”m(s) > 9V”t(s) PBny s p T (Vqée of

* As we observed in our previous proof:
t+1

VE(5) = TVE(S) = VE by oty [Vﬂ’“(s') - Vﬂ’(s')]

« The claim is completed since V”m(s’) — V”t(s’) > (0 by monotonicity.

« Now the proof follows using the contraction of theséf’/w operator: s
+1 t
OV = VE () S V) =TVEGs) = TV () —FV 5)

<AVF -Vl | D contoaction of



Runtime of PI:



Runtime of PI:
Runtime of PI:
In( H Ve — y* H /€)
After " > iterations of PIl, we have:
-7
VZ(s) > V*(s) — €.
Thus, the total runtime of Pl is:
3 2
|S17+ [S[7]A]
O |

1 —y

n(1/((1 = e)) )
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Runtime of PI:
Runtime of PI:
In( H Ve - v* H _le)

After " iterations of PIl, we have:
-7
VZ(s) > V*(s) — €.
Thus, the total runtime of Pl is:
3 2
|S17+ [S[7]A]
O |

1 —y

n(1/((1 = e)) )

Comparison of VI and PI:
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Runtime of PI:
Runtime of PI:
In( H Ve - v* H _le)

After iterations of PIl, we have:

l—y
VZ(s) > V*(s) — €.
Thus, the total runtime of Pl is:
SI°+1]S]°|A
o(ISL+ISEIAL,

1 —y

n(1/((1 = e)) )

Comparison of VI and PI:
- Per iteration complexity of VI is less than that of PI.

22
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Runtime of PI:
Runtime of PI:
In( H Ve - v* H _le)

After " iterations of PIl, we have:
-7
VZ(s) > V*(s) — €.
Thus, the total runtime of Pl is:
3 2
|S17+ [S[7]A]
O |

1 —y

n(1/((1 = e)) )

Comparison of VI and PI:
- Per iteration complexity of VI is less than that of PI.
Pl and VI have the same upper bound on the # of iterations.
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Runtime of PI:
Runtime of PI:
In( H Ve - v* H _le)

After iterations of PIl, we have:
Tt P erady
VZ(s) > V*(s) —e. r_ o
W't 9 &7

Thus, the total runtime of Pl is:
SI°+1]S]°|A
o(ISL+ISEIAL,

1 —y

n(1/((1 = e)) )

Comparison of VI and PI:
- Per iteration complexity of VI is less than that of PI.
Pl and VI have the same upper bound on the # of iterations. &

*In practice, Pl reaches a better policy more quickly than VI.
(see HW “Comments on Computational Complexity” for theoretical justification)
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