Policy Gradient Methods
(continued)

CS/Stat 184: Introduction to Reinforcement Learning
Fall 2022



Today

 Recap++
 will clarify few points based on feedback.

« Today:
1. Estimation of Stochastic Gradients
2. Variance Reduction
3. More Variance Reduction (baselines)



Recap++

(some new material and clarifications)
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Recap Outline:

The Learning Setting

Obijective: direct policy optimization.
General convergence: properties of SGD
Importance Sampling

& Deriving a Policy Gradient Expression
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Importance Sampling

& Deriving a Policy Gradient Expression



Policy Optimization:
our goal is to do well on “large” problems

W K NAET 0 &) o
A )

At last — a computer program that
can beat a champion Go player PAGE484

ALL SYSTEMS GO

[AlphaZero, Silver et.al, 17]

[OpenAl,19]



Recap: Policy Parameterization

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy
(We will try this in HW2)

Feature vector ¢(s, a) € RY, and
parameter § € R?

exp(0' (s, a))
Za, exp(0T¢p(s,a’))

my(a |s) =

2. Neural Policy:

Neural network
fo: SXAP R

exp(fy(s, a))

my(a |s) =

> exp(fy(s, a))



Our Objective and Policy Gradient Ascent

We consider either discounted or finite horizon settings.

J(g) = ESON/,tO [VEG(SO)] J(Q) = ESON,uO [Vﬂe(SO)]
o0 H-1
=E[thrh"uo,ﬂ0] =E[Zrh‘/’£0’ﬂ9]
h=0 h=0
 Objective: try to find “good” parameters
rn;lXJ(@) asce., 7.

* Approach: stochastic gradient d@escent (or gradient descent)
O =040V elO)  E[ V56, - 7T /e
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(<4)~ 1)
o
V(6 )= 2lsoy) Pes
Given an objective function J(0) : R? > R, (e.g., J(O) = [Ex,y(fg(x) —v))
~0

Gradient Descent

Stochastic Gradient Descent

SGD minimizes the above objective function as follows:

Initialize 6, fort =0, ... : b 4+ )

0,.1=0— thej(‘gt)

Stochastic Gradient Descent

(=

where E ['%J(et)] = V,J©0)

11



SGD: Convergence to a Stationary Point for Nonconvex Functions

« Def of #-smooth:
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SGD: Convergence to a Stationary Point for Nonconvex Functions

e Def of fi-smooth: ||V, J(0) — V,J(0,)|, < pll6 — 6|,

e [Theorem] (informal) Suppose we run SGD: 0, | = 6, — ;779](@), for T steps,
where E ['%J(e,)] = V,J(0) with 7 = O(1/\/T). Assume:
« J(O) is f-smooth.
« J(0)is bounded: |J(O)| <M, V0.
. VQJ(Q) has “bounded variance”: E [||V€J(9[) — VQJ(QZ)H%] < o?,
then, in 7" steps, SGD will find a @ such that:
IV,J©O)] < O <(M,B02/T) "4 (MpiT) ”2>.
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e Def of fi-smooth: ||V, J(0) — V,J(0,)|, < pll6 — 6|,

e [Theorem] (informal) Suppose we run SGD: 0, | = 6, — ;779](@), for T steps,
where E [%J(e,)] = V,J(0) with 7 = O(1/\/T). Assume:

« J(0) is f-smooth.
« J(0)is bounded: |J(O)| <M, V0.

. VQJ(Q) has “bounded variance”: E [||V€J(9,) — VQJ(QZ)H%] < o?,

then, in 7" steps, SGD will find a @ such that:
IV,J©O)] < O <(M,B02/T) "4 (MpiT) ”2>.

Formally, we have [ [ min ||V9J(6’t)||2] <0 (\ | MpBo?IT + Mﬂ/T)
1<T
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General convergence: properties of SGD
Importance Sampling

& Deriving a Policy Gradient Expression
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Importance Sampling (and the Likelihood Ratio Method)
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Importance Sampling (and the Likelihood Ratio Method)

For J(0) = £ P, [f(x)], our goal is to accurately approximate V ,./(0)) = V £ P, f(x).
(We want to avoid computing the integral/sum.)

« Often, we are in setting where:
« Pyis “easy” to compute.

. We have a distribution p, that is easy to sample from and where max Py(x)/p(x) < oo
X

(sometimes we use P, itself as p)

VyJ(0) = Vg x~Pf(x)_V9 xX~p 9(( )f() x~/) Z(Q() _2 Vo Q(X)

To compute gradient at 8y: V,J(6,) (in short of V,J(0) |9=90)

By setting the sampling distribution p = PHO

Vol @) =E,p, lveln P, (x) - f(x)



Recap: the REINFORCE Algorithm (discounted case)

We derived the most basic PG formulation:

SRR —
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Recap: the REINFORCE Algorithm (discounted case)

We derived the most basic PG formulation:

Increase the likelihood of sampling an trajectory with high total reward

15



Recap: the REINFORCE Algorithm

(finite horizon case)
T= {So, ao, Sl’ (11, ooy SH—I’ aH_l}

Po(T) = u(sg)my(ay | se)P(s; | Sg» ag)me(ay | s1)--.
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Derivation of Policy Gradient: REINFORCE for finite H

T = {8y, ag, 51, Ay - .- }

po(t) = u(so)mgag | )P (sy | 0. ag)mg(ay | s1)- .. Psy_y | Sy_p. gy o) moay 1 | sy_1)
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Today:

Policy Gradient Descent



Outline:

1. Estimation of Stochastic Gradients
2. Variance Reduction
3. More Variance Reduction (baselines)
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Obtaining an Unbiased Gradient Estimate at 0,

h=0

H-1
Vol (0 :=E,_, [( Y Vylnzya,| sh)> R(T)}
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Obtaining an Unbiased Gradient Estimate at 0,

H-1
V@](e) = [ETN/)H(T) < 2 Veln ﬂ@(ah | Sh)> R(T)

h=0

1. Obtain a trajectory 7 ~ P4,
(which we can do in our learning setting)
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Obtaining an Unbiased Gradient Estimate at 0,

H-1
V@J(Q) = [ETN/)H(T) < 2 Vgln ﬂg(ah | Sh)> R(T)

h=0
H-
1. Obtain a trajectory 7 ~ P4, E CKZ\ = 2 WL]
: _ _ , W oa
(which we can do in our learning setting) O
2. Set:
H-1

VoJ(0y) = ) Vinmy(a,|s)R()
h=0
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Obtaining an Unbiased Gradient Estimate at 0,

H-1

V@J(Q) = [ETN[)H(T) ( z V@ln ﬂe(ah | Sh)> R(T)
h=0

1. Obtain a trajectory 7 ~ P4,

(which we can do in our learning setting)

2. Set:
H—1

VoJ(0y) = ) Vinmy(a,|s)R()
h=0

We have;: [E[VQJ(QO)] = ng(ﬂgo)
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PG with REINFORCE:

21



PG with REINFORCE:

1. Initialize 6, parameters: 1,1, ...
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PG with REINFORCE:

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:

1. Obtain a trajectory 7 ~ Po,

H-1
Set V,J(0) = ) Vinz,(a,|s)R()
h=0

2. Update: 0, = 6, + 1, V ,J(0,)
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The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)
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The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:
1. Init g = 0 and do M times:

Obtain a trajectory 7 ~ pj

H-1
Setg =g+ Y Vinm(a,|s)R()
h=0

— 1
Set V,J(O,) :=—
2] ( t) Mg

22



The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:
1. Init g = 0 and do M times:

Obtain a trajectory 7 ~ pj

H-1
Setg =g+ Y Vinm(a,|s)R()
h=0

— 1
Set V,J(O,) :=—
2] ( t) Mg

2. Update: 0., = 0, + 77,79](@)
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Outline:

1. Estimation of Stochastic Gradients
2. Variance Reduction
3. More Variance Reduction: Baselines and Advantages
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Vo ly Taly 15 Y R(Y)

A improved PG formulation, for sampling (finite horizon setting)

H-1
VJO) =E,., [( D Vylnzya,| sh)> R(r)}

h=0
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A improved PG formulation, for sampling (finite horizon setting)

H-1
VJO) =E,., [( D Vylnzya,| sh)> R(T)}

h=0

H- H-1
TN/)Q(T) Vﬁln ]ZH(ah | Sh) z e
h=0 t=h

;_‘
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A improved PG formulation, for sampling (finite horizon setting)

H-1 E ETlv 7 @ﬁc,\
VJO) =E,., < Y Vylnzya,| sh)> R(z) =

h:() n (!CQ

A

H-1 H-1
S
= |ET~/)9(T) z <V91n 7o, | 1) Z rf> " 4‘7
h=0 t=h 2\

] L\\/Sua(///

Sy

= [ETN[)()(T) [ V@ln ﬂg(ah | Sh)Q;:e(Sh, ah)
h=0
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A improved PG formulation, for sampling (finite horizon setting)

H-1
VJO) =E,., ( D Vylnzya,| sh)> R(7)

h=0

H-1 H-1
- [ETN/)Q(T) z Vﬁln ]ZH(ah | Sh) z "t

h=0 t=h

H-1
— [ETN/)H(T) [ 2 Veln ﬂg(ah | Sh)Qhﬂe(Sh, ah)]

h=0

Intuition: Change action distribution at /4 only affects rewards later on...)
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A improved PG formulation, for sampling (finite horizon setting)

H-1
VJO) =E,., ( Y Vylnzya,ls,) | R@)
h=0
H—-1 H—-1
- [ETN[)Q(T) Z Vﬁln ﬂﬁ(ah | Sh) Z 'y
h=0 t=h

H-1
= Ecopser | 2 Volnadan sp Qs )
h=0

Intuition: Change action distribution at /4 only affects rewards later on...)

HW: You will show these simplified version are also valid PG expressions
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Proof sketch
Co LV g T, 0] = G Rl Vhfon) < 2 %{/
3 K o s
@,

= ZPRe) 7 V2R ap =



Proof sketch

Letf(SO, dgs - - Sp_1,Ap_15 Sh) be an arbitrary function.

[Eah~ﬂe(-|sh) Voln zy(ay, | s,)f(Sgs Ags - - -Sp_15 Q15 S1) | o> s+« -Sp_15 Ap—1> Sy
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Proof sketch

Letf(SO, dgs - - Sp_1,Ap_15 Sh) be an arbitrary function.

[Eah~ﬂe(-|sh) Voln zy(ay | s,)f(Sgs Ags - - -Sp—1> Ap—15 Sp) ‘ 50> Ags + - -Sp_15 Ap—1 sh]

= J(S0> Ags -+ -Sp—15 A 1> SWE 15 [Valn ”e(ah“h)‘SOa o> "'Sh—l’ah—l’sh] =//-'?/ O
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An improved PG procedure:
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1. Initialize 6, parameters: 1,1, ...
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2. Fort=0,...:
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An improved PG procedure:

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:

1. Obtain a trajectory 7 ~ Po,
H-1 H-1

Set VyJ(0) =) | Vinzy(ayls) Y 7,
h=0 t=h
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Vk/ﬁo/% /f/
An impmfed PG procedure:

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:

1. Obtain a trajectory 7 ~ Po,

H-1 H-1
Set Ve](et) = Z (Vln ﬂgl(ah | Sh) Z I’t>

h=0 t=h

2. Update: 0,,, = 0, + n,’%](et)
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A improved PG formulation, for sampling (for the discounted setting)

VJO) =E,., [( D Vylnzya,| sh)> R(T)]

h=0
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A improved PG formulation, for sampling (for the discounted setting)

VJO) =E,., [( D Vylnzya,| sh)) R(T):|

h=0

- [ETN[)Q(T) |: Z < Vﬁln ﬂﬁ(ah | Sh) Z Vtrt>:|

h=0 t=h
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A improved PG formulation, for sampling (for the discounted setting)

VJIO) =E,., [( D' Vylnzy(a,| sh)> R(T)}

h=0

- |ET~/)9(T) |: Z < Veln ﬂe(ah | Sh) z Vtrt>:|

= [ETN/)H(T) [z Voln zy(ay, | Sh)VhQﬂg(Sh’ ah)]

h=0

27



Outline:

1. Estimation of Stochastic Gradients
2. Variance Reduction
3. More Variance Reduction: Baselines and Advantages
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With a “baseline” function:
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With a “baseline” function:

For any function b, (s), we have:

H-1 H-1
VJ(@) = [ETN/)Q(T) |: 2 V@ln ﬂ@(ah | Sh)< 2 Iy — bh(sh)>:|
h=0 =h

29



Jod a4 hase

With a “baseline” function:

For any function b,(s), we have: / Aes %o
H-1 H-1
VJ(Q) = [ETN[)Q(T) Z V@ln ﬂ'@(ah | Sh)( Z I”[ bh(Sh)>
h=0 t=h

H-1
= [ETNpg(T) [ z Vghl ﬂe(ah | Sh) <Q;l[9(5h, Clh) - bh(Sh)>]

h=0
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(M=1) SGD with a Naive (constant) Baseline:
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* On a trajectory 7, define:
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(M=1) SGD with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...

2. Fort=0,...:
* On a trajectory 7, define:
H-1
Rh(T) = Z I"t.
t=h

e Let try to use a constant
(time-dependent) baseline:

by = EoepoE [Ri(®)]
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(M=1) SGD with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1. Using N trajectories sampled under g, set

« On atrajectory 7, define: 1 &
H-1 T
b = — Rh(T-)
Ry(7) = Z Tt "N ; |
t=h

e Let try to use a constant
(time-dependent) baseline:

by = EoepoE [Ri(®)]
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(M=1) SGD with a Naive (constant) Baseline:

* On a trajectory 7, define:
H-1

R, (7) = Z .

t=h
e Let try to use a constant

(time-dependent) baseline:

by = EoepoE [Ri(®)]

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1.

30

Using NN trajectories sampled under g, set

~

1 N
bh = N;Rh(Ti)

. Obtain a trajectory 7 ~ py

H-1
Set VoJ(6) = ¥ Vinmy(ayls,) (Rh(’[) _ bh>
h=0



(M=1) SGD with a Naive (constant) Baseline:

* On a trajectory 7, define:
H-1

Ry =),

t=h
e Let try to use a constant

(time-dependent) baseline:

by = EoepoE [Ri(®)]

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1.

30

Using NN trajectories sampled under g, set

~

1 N
bh = N;Rh(ri)

. Obtain a trajectory 7 ~ py

H-1
Set VoJ(6) = ¥ Vinmy(ayls,) (Rh(’[) _ bh>
h=0

Update: 0, = 0, + H,VHJ(QZ)



The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

* The Advantage function is defined as:
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

* The Advantage function is defined as:

 \WWe have that:
Epeont 19| A48, @)

S, h] = Z r(a|s)A,(s,a) = 77
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

* The Advantage function is defined as:

 \WWe have that:
Epeont 19| A48, @)

S, h] = Z r(a|s)A,(s,a) = 77

« For the discounted case, A"(s,a) = OQ"(s,a) — V*(s, a)
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The Advantage-based PG:

H-1
VJ(@O) = ETNIOQ(T) [ Z Vyln zy(a, | Sh)(QZQ(sh, a,) — bh(Sh)>]

h=0
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The Advantage-based PG:

H-1
V](Q) = ETNP@(T) Z V@ln ﬂg(ah | Sh)(QZH(Sh, ah) - bh(sh)>]
| h=0

H-1
— [ETN[)H(T) z Vﬁln ﬂﬁ(ah | Sh)A/;[H(Sh’ ah)]
| h=0

- The second step follows by choosing b;,(s) = V().
- In practice, the most common approach is to use b,,(s) as an estimate of V/(s).

32



Summary so far:

VJ@O) =L

H-1
Volnzny(a,|s, <z (57 )
h=0 t=h

H-1
- ETN[)H(T) [ Vﬁln 7[9(61/1 | Sh,) <Q/f{)(sh’ ah) o bh S/z)>]
I

Voln zy(ay, | 5,)A (s, “/z)-‘
h=0 il

1-minute feedback form: https://bit.ly/3RHtIxy


https://bit.ly/3RHtlxy

