PG Methods, Baselines, &
fitted Value function methods

CS/Stat 184: Introduction to Reinforcement Learning
Fall 2022
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« Today:
1. Variance Reduction w/ Baselines
2. Advantages and a better baseline
3. An example: PG Example with (softmax) linear policies
4. Fitted Value Functions:
1. Direct approach
2. An iterative approach



Recap



The Learning Setting:

We don’t know the MDP, but we can obtain trajectories.

The Finite Horizon, Learning Setting. We can obtain trajectories as follows:
« We start at s, ~ p.

« We act for H steps and observe the trajectory 7 = {s, g, Sy, Ay» -+ > Syy_1> A1 }

The Infinite Horizon, Discounted Learning Setting. We can obtain trajectories as follows:
« We start at 5, ~ p.

« We can obtain a “long trajectories” 7 = {s,, ay, 51, dy5 - - - }
» Suppose we can terminate the trajectory at will.
(and sufficient long trajectories will well approximate the discounted value function)



Recap: Policy Parameterization

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy

Feature vector ¢(s, a) € RY, and
parameter § € R?

exp(0' (s, a))
Za, exp(0T¢p(s,a’))

rg(a |s) =

2. Neural Policy:

Neural network
fo: SXA-R

exp(fy(s, a))

rg(a |s) =

>, exXp(fls, @)



Recap: the REINFORCE Algorithm

(finite horizon case)

H-1
JO=E,.,. [Z r(s;, ah)]

h=0

T= {So, ao, Sl’ (11, ooy SH—I’ aH_l}

Po(T) = u(sg)my(ay | se)P(s; | Sg» ag)me(ay | s1)--.

R(7)



PG with REINFORCE:

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:

1. Obtain a trajectory 7 ~ Po,

H-1
Set V,J(0) = ) Vinz,(a,|s)R()
h=0

2. Update: 0, = 6, + 1, V ,J(0,)



A improved PG formulation, for sampling (finite horizon setting)

H-1 — —
VJO) =E,_, ( Y Vo] sh)> R(7) pELNFoRcE

h=0

Niceg
H-1 =4 C AL

H-1
= Erpyo Z <V31n 7o(cty | 5p) Z rf) for s “ol; 49
t=h )

h=0
H-1 \¢ VS, / ‘
- [ETN/)H(T) [ 2 Veln ﬂg(ah | Sh)Qhﬂe(Sh, ah)]

h=0

Intuition: Change action distribution at /4 only affects rewards later on...)

HW: You will show these simplified version are also valid PG expressions



Proof sketch

Cove 1 V4% ol | 20

Letf(SO, dgs - - Sp_1,Ap_15 Sh) be an arbitrary function.

[Eah~ﬂe(-| 5) Voln zy(ay | s,)f(Sgs Ags - - -S—1> Ap—_15 Sp) ‘ 50> Ags + - -Sp_15 Ap—15 Sh]

= f(so, ags "'Sh—l’ah—l’sh)Eah~ﬂ9(°|sh) [Valn mo(ay | sp) ‘ S0> do» "'Sh—l’ah—l’sh] =77



An improved PG procedure:

1. Initialize 6, parameters: 1,1, ...
2. Fort=0,...:

1. Obtain a trajectory 7 ~ Po,

H-1 H-1
Set Ve](@t) = Z (Vln ﬂgl(ah | Sh) Z I’t>

h=0 t=h

2. Update: 0,,, = 0, + ntVHJ(Q,)

10



Today:
Policy Gradients: Baselines
& Fitted Value Function Methods
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Outline:

Variance Reduction w/ Baselines
Advantages and a better baseline
An example: PG Example with (softmax) linear policies
Fitted Value Functions:

1. Direct approach

2. An iterative approach

12



With a “baseline” function:
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With a “baseline” function:

For any function b, (s), we have:

H-1 H-1
VJ(@) = [ETN/)Q(T) |: 2 V@ln ﬂ@(ah | Sh)< 2 Iy — bh(sh)>:|
h=0 =h

13



With a “baseline” function:

For any function b,(s), we have:

H-1 H-1
VIO =E,_,q [ Y Vylnzya,| sh)< Y - bh(s,,)ﬂ
h=0 1=h

H-1
= [ETNpg(T) [ z Vghl ﬂe(dh | Sh) <Q;:9(Sh’ Clh) - bh(Sh)>]

h=0

13



With a “baseline” function:

For any function b,(s), we have:

H-1 H-1
VJ©O) =E,, Z Vln my(a, | Sh)< 2 Ty — bh(Sh)>

H—-1
— [ETNPQ(T) [ Z Vghl ﬂe(dh | Sh)<Q;:e(Sh’ Clh) - bh(sh)>]

h=0

This is (basically) the method of control variates.

13



(M=1) PG with a Naive (constant) Baseline:
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(M=1) PG with a Naive (constant) Baseline:

* On a trajectory 7, define:
H-1

R, (7) = Z .

t=h
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(M=1) PG with a Naive (constant) Baseline:

* On a trajectory 7, define:
H-1

R, (7) = Z .

t=h
e Let try to use a constant
(time-dependent) baseline:

by = oy [Ri@)]
(which also depends on 6)
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(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...

2. Fort=0,...:

* On a trajectory 7, define:
H-1

R, (7) = Z .

t=h
e Let try to use a constant
(time-dependent) baseline:

by = oy [Ri@)]
(which also depends on 6)
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(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1. Using N trajectories sampled under g, set

« On atrajectory 7, define: 1 &
H-1 T
b = — Rh(T-)
Ry(7) = Z Tt "N ; |
t=h

e Let try to use a constant
(time-dependent) baseline:

by = oy [Ri@)]
(which also depends on 6)

14



(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1. Using N trajectories sampled under 7, set
« On a trajectory 7, define: ’

- T I ¢ /(6 (
R,(7) = HZ:I " o= N g‘ Rtz )/ b i

e cse
t=h . . ~ ”(
e Let try to use a constant 2. Obtain a trajectol?ilr Po, &
(time-dependent) baseline: ~ ~
Set V,J0) = Y Vinz,(a |s)(R (0)—b )
bp=Eepf [Rh(f)] 0\t hZ::,) A AR VAR h

(which also depends on 6)

14



(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 1,,1,, ...
2. Fort=0,...:

1. Using N trajectories sampled under g, set

* On a trajectory 7, define: | &
H-1 ~
bh = — Z Rh(T-)
R = _ i
n(7) Zh It N3
1= . . -
» Let try to use a constant 2. Obtain a trajectory 7 ~ p 0,

m H-1
(time-dependent) baseline: —
by=E, ,E [Rh(r)] Set V,J(0) = E Vin o (ay, | 57,) (Rh(’[) — bh>

h=0
(which also depends on 6)

3. Update: 0, = 0, + H,VHJ(QZ)

14
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Outline:

Variance Reduction w/ Baselines

Advantages and a better baseline

An example: PG Example with (softmax) linear policies
Fitted Value Functions:

1. Direct approach

2. An iterative approach
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The Advantage Function (finite horizon)

H1 g H1 7r
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

16



The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s Q;/(s,a)=E [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

* The Advantage function is defined as:
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s J(s,a) = [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h
£ )
-~ E 3
 The Advantage function is defined as: > T K CD (5 D) } — VZZ>
=V syl 7
vV
* We have that: @7 O

7T

Epeont 19| A48, @)

S, h] = Z n(a | s)/(}l(s, a)= 7?7 @
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s J(s,a) = [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h
 The Advantage function is defined as: \/7&(53 = M (Q‘f(gj)
7z

 \WWe have that:
Epeont 19| A48, @)

S, h] = Z r(a|s)A,(s,a) = 77

a VS/C%/L\ A
A, (54)< o
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The Advantage Function (finite horizon)

H-1 H-1
Vi(s) =L [Z r(s,a)|s,=s J(s,a) = [ Z r(s,,a.)| (s, a,) = (s, a)]
T=h =h

* The Advantage function is defined as:

 \WWe have that:
Epeont 19| A48, @)

S, h] = Z r(a|s)A,(s,a) = 77

« For the discounted case, A*(s,a) = O”(s,a) — V*(s)

16



The Advantage-based PG:

H-1
VJ(@O) = ETNIOQ(T) [ Z Vyln zy(a, | Sh)(QZQ(sh, a,) — bh(Sh)>]

h=0

17



The Advantage-based PG:

[ H-1
VJO) =E Z V,nrya,| %)(QZH(Sha ap) — bh(sh)>] o, [5)

T~pp(T)
| h=0

[ H—1 2 [/g (5)
Y. Voln (| s,)A(s;, )
| h=0

T~Pe(T)

- The second step follows by choosing b;,(s) = V().
» In practice, the most common approach is to use b,,(s) to approximate V,'(s).

17
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Outline:

Variance Reduction w/ Baselines

Advantages and a better baseline

An example: PG Example with (softmax) linear policies
Fitted Value Functions:

1. Direct approach

2. An iterative approach
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Policy Parameterizations

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy

Feature vector ¢(s, a) € RY and
parameter 6 € R

exp(0' ¢ (s, a))
> exp(@Te(s, a))

rg(a |s) =

19

2. Neural Policy:

Neural network
Jo: SXA R

eXp(fH(S’ Cl))

rg(a |s) =

2., exp(fy(s, a"))



: % bl ‘What is a “state” and a “feature vector”?

S vk 25
AR oﬁ?’,n

\t Iusr a (.Om[)lll 1 prou,r)mth at
0 player PAGE484

ALL SYSTEMS GO N o=

[AlbhaZero. Silver [On@nAI Five. [OnenAl. /\Ob 7L Ls
A state: o 57 o e s
e Tabular case: anindexin [ | S]] = {1,...|5]] (P[S Q) IQ CP ( 4

: : ®—>
« Real world: a list/array of the relevant info about the world that makes the process Mark0\7clan.S -
(we sometimes append history info into the current state)

A N
* Let’s assume the current time / is contained in the state. &
(e.g. you can always add the time into the “list” that specifies the state) - - )

20



Softmax Policy Properties

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy

Feature vector ¢(s, a) € RY, and
parameter § € R?

exp(0' (s, a))
Za, exp(0T¢p(s,a’))

rg(a |s) =

21



Softmax Policy Properties

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy
Two properties (see HW):

Feature vector ¢(s, a) € RY, and
parameter § € R?

exp(0' (s, a))
Za, exp(0T¢p(s,a’))

rg(a |s) =

21



Softmax Policy Properties

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy
Two properties (see HW):

Feature vector ¢(s, a) € R and - More probable actions have features which align with 6.
parameter § € R4 Precisely,
mylals) = my(a'|s) if and only if O p(s,a) > 0" p(s,a’)

exp(0' (s, a))
Za, exp(0T¢p(s,a’))

rg(a |s) =

21



Softmax Policy Properties

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

1. Softmax linear Policy

Feature vector ¢(s, a) € RY, and
parameter § € R?

exp(0' ¢ (s, a))

77:9(61 | S) — Za, CXp(9T¢(S, a/))

//Qdf-'b‘

Casq

Two properties (see HW):

- More probable actions have features which align with 6.

Precisely,
ry(al|s) > my(a’ls) gj/and only if @' ¢p(s,a) > 0 (s, a’)
C @Q/<

*The gradient is:
Vlog(zy(al

L~

VA Taels) = Vo lse) - F LT o 0))

T (]s)

) — ¢(Sa Cl) o ”Ea/fvﬂﬁ(-|s)[¢(s’ Cl/)]

21



PG for the (softmax) linear policies

22



PG for the (softmax) linear policies
Joe T (S0 )

* We have: //\QZ /\/\j&‘_’\
H-1 V¥
VJ(O) = ETNP@(T) [ Z A;:O(Sh’ ah) <¢(Sh’ ah) - [Ea’fvﬂg('ls/q)[(:b(shv a’)] >]

h=0
(also true Q,, instead of A;)

22



PG for the (softmax) linear policies

e We have:

H-1

VJ(©) = [ETNPH(f) [ Z AZH(Sh, a,) <C/)(Sh, a,) — [Ea/N,ze(.“h)[Qb(Sha a’)l >]
h=0

(also true Q,, instead of A;)

* We can simplify this to:

H-1
VJ(0) = [ETNPH(T) [ Z AZH(Sh’ ap)P(sy, ah)]

h=0

22



PG for the (softmax) linear policies
 We have:
H-1
VJ(Q) — IETNpg(T) [ Z A;ZTH(Sh, Clh) <g[)(Sh, ah) - Ea/Nﬂg('lsh)[gb(Sh’ Cl/)] )]

h=0
(also true Q,, instead of A;)

“ T
» We can simplify this;,(i:l % ﬁfﬁ[ A “ (5%&(‘4) 52/7{ [@qﬂ
VJ(O) = [ETNPQ(T) [ Z AZQ(Sh, a,)p(sy, ah)]

h=0
 Why?

= [(A&CM AT é(ga q/)]} /ié"f\sﬁwﬁ
£ i F §a>[/ & %3} / ZWE 6“)] ]':

i/é//é(;;

22



PG for the (softmax) linear policies

 We have:

H-1

VJO) =Ly [ 2 A, ah)<¢(sh’ ) = By 15[ PChs “/)])]
h=0

(also true Q,, instead of A;)

* We can simplify this to:

VJO) =E,., [ZA “(Sps ) P(Sp ah)]

h=0

/M@/a( cqse V) (C’JC F 154 5,5 )|7 f‘fe)}

TP

22



o=

Outline:

Variance Reduction w/ Baselines

Advantages and a better baseline

An example: PG Example with (softmax) linear policies
Fitted Value Functions:

1. Direct approach

2. An iterative approach
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(M=1) PG with a Learned Baseline:

24



(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
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(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
2. Fort=0,...:
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(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
2. Fort=0,...:

0,
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(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
2. Fort=0,...: ~
1. Using N trajectories sampled under Tg, try to learn a b,

Z(S) ~ V/fef(s)
2. Obtain a trajectory 7 ~ Po,

H-1
set V,J(0) = Y, Vinz(ay|5)(Ry® = bGsy))
h=0

24



(M=1) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17,1, ...
2. Fort=0,...: ~
1. Using N trajectories sampled under g, try to learn a b,

b(s) ~ V(s)
2. Obtain a trajectory 7 ~ Po,

H—1
Set V,J(0,) = Z Vin ﬂgt(dh | 53) <R11(T) - b(511)>
h=0

3. Update: 0, , = 0, + mvg./(@)

24



(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
2. Fort=0,...: N
1. Using N trajectories sampled under Tg, try to learn a b,

Z(s) ~ V/;TH’(S)
2. Obtain a trajectory 7 ~ Po,

H-1
Set V ,J(0,) = Z Vin zy(a, | Sh)<Rh(T) - b(Sh)>
h=0

3. Update: 0,,, =0, + n,'%](et)

Note that regardless of our choice of b, (s), we still get unbiased gradient estimates.
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(M=1) PG with a Learned Baseline:

1. Initialize 6, parameters: 5,1, . ..
2. Fort=0,...: Now let’s look at our baseline fitting step.

1. Using N trajectories sampled under Tg, try to learn a b,
b(s) ~ V/fef(s)
2. Obtain a trajectory 7 ~ Po,

H-1
set V,J(0) = Y, Vinz(ay|5)(Ry® = bGsy))
h=0

3. Update: 0, , = 0, + mvg./(ﬁt)

Note that regardless of our choice of b, (s), we still get unbiased gradient estimates.
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Baseline/Value Function Parameterizations

Now let us consider parameterized classes of functions 7, where foreachfe€ &,/ : S — R

1. Linear Functions 2. Neural Policy:

Feature vector y/(s) € R, and Neural network f, : S — R
parameter w & RX

=Ty Gk s/
g T
S = Vs

25



“Review”
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“Review”
« For arandom variable y € R, what is:

argmin £, p|(c — v =177 O f[gﬁj

C
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“Review”

« For arandom variable y € R, what is:
argmin Ey_p[(c — V)] = 77 @ %}Z :

C
* Now let us look at the “function” case where we have a distribution over (x, y) pairs

f* = arg min E(x,y)ND[(f(x) - y)2]
feF

(where F is the class of all possible functions)

What is f*(x) = ?? Efg/x]

26



“Review”

« For arandom variable y € R, what is:

arg min EyND[(c - y)z] =77
C
« Now let us look at the “function” case where we have a distribution over (x, y) pairs

*x _ inE. — V)2
f arg?;lc}l (x,y)ND[(f(x) y)] K_]D [5‘}

(where & is the class of all possible functions) /5)
What is f*(x) = ??

X > Sj[ﬁ/ﬁ

ELR @7 s\ =V (s
4 o @h(@ // ) 6 )

26



Let’s look at our fitting step
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Let’s look at our fitting step

1. Initialize 6,, parameters: 5,1, . ..
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Let’s look at our fitting step

1. Initialize 6,, parameters: 5,1, . ..
2. Fort=0,...:
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Let’s look at our fitting step

1. Initialize 6,, parameters: 1,,1,, . ..
2. Fort=0,...:

1. Sample N trajectories under Tig, to make a dataset,

Tougmin Y Y (L) - k@)’

reData (s,,a,)er
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Let’s look at our fitting step

1. Initialize 6,, parameters: 1,,1,, . ..
2. Fort=0,...:

1. Sample N trajectories under Tg, to make a dataset,

2
W=agmin Y Y (fw(sh) - Rh(T)>
¥ ‘eData (s),,4),)ET

2. Obtain a trajectory 7 ~ Po,
H-1

Set VoJ(6) = ¥ Vinmy(a| Sh)<Rh(T) - Zh)
h=0

27



Let’s look at our fitting step

1. Initialize 6,, parameters: 1,,1,, . ..
2. Fort=0,...:

1. Sample N trajectories under Tig, to make a dataset,

2
W=agmin Y Y <fw(sh) - Rh(T)>
¥ ‘eData (5),,,) ET

2. Obtain a trajectory 7 ~ Po,
H-1

Set VoJ(6) = ¥ Vinmy(a| Sh)<Rh(T) - 'Eh)
h=0

3. Update: 0,,, = 0, + ntvgf(ﬁt)

27
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Outline:

Variance Reduction w/ Baselines

Advantages and a better baseline

An example: PG Example with (softmax) linear policies
Fitted Value Functions:

1. Direct approach

2. An iterative approach

28



Is there an iterative version of Policy Evaluation?
(that is faster, but approximate?)

Algorithm (lterative PE):
1
0,——
L=y
2. lterate until convergence: V™! « R + yPV'

1. Initialization: V¥ : || V]|, €

29




Is there an iterative version of Policy Evaluation?
(that is faster, but approximate?)

Algorithm (lterative PE):
1
0,——
L=y
2. lterate until convergence: V™! « R + yPV'

1. Initialization: V¥ : || V]|, €

This is a “fixed point” algorithm trying to enforce Bellman consistency:
VS, VH(S) = V(S, ﬂ(S)) + y[ESNP(S,ﬂ(S))Vﬂ(S,)

29



Let’s look at our fitting step

1. Initialize 6,, parameters: 17,1, ...
2. Fort=0,...: ~
1. Using N trajectories sampled under g, try to learn a b,

P ~Y 71'9[
by(s) = V(s)
2. Obtain a trajectory 7 ~ Po,

H-1
Set V QJ(QZ) — Z Vin ﬂ@f(ah | Sh) <R]1(T) o bh)
h=0

3. Update: 0, , = 0, + mvg./(ﬁt)
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Let’s look at just our fitting step in the inner loop
(where we want to fit the value of )

Temporal Difference Learning (TD) is a an online method to do the above.
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Let’s look at just our fitting step in the inner loop
(where we want to fit the value of )

1. Sample N trajectories under g, to make a dataset.

Temporal Difference Learning (TD) is a an online method to do the above.
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Let’s look at just our fitting step in the inner loop
(where we want to fit the value of )

1. Sample N trajectories under g, to make a dataset.

2. Initialize w,

Temporal Difference Learning (TD) is a an online method to do the above.
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Let’s look at just our fitting step in the inner loop
(where we want to fit the value of )

1. Sample N trajectories under g, to make a dataset.

2. Initialize w,
3. Fork=0,....K:

Temporal Difference Learning (TD) is a an online method to do the above.

31



Let’s look at just our fitting step in the inner loop
(where we want to fit the value of )

1. Sample N trajectories under g, to make a dataset.

2. Initialize w,

3. Fork=0,....K:
1. Update:

Wiyl = arg mvgn Z Z (fw(sh) — (7, +fwk(sh+1))>2

TC Data (Sh,ah)ET

Temporal Difference Learning (TD) is a an online method to do the above.
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Summary so far:

1. Variance Reduction w/ Baselines & Advantages.
2. An example: PG Example with (softmax) linear policies
3. Fitted Value Functions:

1. Direct approach

2. An iterative approach & TD

1-minute feedback form: https://bit.ly/3RHtIxy


https://bit.ly/3RHtlxy

