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Optimization Objective

- Consider a parameterize class of policies:
(my(als)| 0 € RY)
(why do we make it stochastic?)

.Objective max J(¢), where
0

H-1
J(O) = Esofvu [Vﬂe(so)] =FE__ or, l Z r(sy,, ah)]

h=0

 Policy Gradient Descent:
O+ = 9% + n VIO



Example Policy Parameterizations

Recall that we consider parameterized policy 7,( - |s) € A(A), Vs

1. Softmax linear Policy 2. Neural Policy:

Neural network

Feature vector (s, a, h) € R4, and
ey M ) fo: SXAX[H]—» R

parameter 8 € R?

exp(0' @ (s, a, h)) exp(fy(s, a, h))

ﬂ@(a ‘ S, h) —

71’9(61 ‘ S, h) —

>, ExpOT (s, a’, h)) 2. exp(fols, a’, b))



Neural Policy Parameterization for “Controls”

Suppose d & Rk, as it might be for a control problem.

3. Gaussian + Linear Model 4. Gaussian + Neural Model

. Feature vector: ¢ (s, /1) € R,
e Parameters: () & R,
(and maybe 6 € R™)

 Neural network g,: 5 X [H]| RK

e Parameters: 0 € R,
(and maybe 0 € R™)

* Policy: sample action from a (multivariate) Normal ;
with mean @ - ¢ (s, h) and variance 671, i.e. '

g (- |8,y = N (0 P(s, h),c°])

* Policy: a (multivariate) Normal
with mean g,(s) and variance o’l, i.e.

71-6’,5( ) ‘Sa h) — '/’/(gé’(sa h)9 02])




The Likelihood Ratio Method



The Likelihood Ratio Method

_ Suppose J(0) = =P, [f(x)] = Z P,(x)f(x), and our objective is max J(0).
(0

» Computing V,J(6) exactly may be difficult to compute (due to the sum over x).
» Can we estimate V,J(0)?
» Suppose we can: compute f(x), Py(x), and V Py(x) & sample x ~ P,

wagle - Ko~f | emy= B L3 6)

Lo S k¢ S
~— = : A A
g e S ><0> j @ @D = Qfé; %ﬁ (><é >
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The Likelihood Ratio Method

_ Suppose J(0) = =P, [f(x)] = Z P,(x)f(x), and our objective is max J(0).
(0

» Computing V,J(6) exactly may be difficult to compute (due to the sum over x).
» Can we estimate V,J(0)?

» Suppose we can: compute f(x), Py(x), and V Py(x) & sample x ~ P,
* We have that:

VoJ(0) = E,_p v | Vglog Py(x) f()]

Proof:
Vod(0) = ) VoPyx)f(x)
< V,P,(x)
= ), Py) AL

— Z PQ()C) Vglog PH()C)][(X)



The Likelihood Ratio Method, continued

* We have:
VoJ(0) = E,_p ) | Vglog Py(x) f(x)]

* An unbiased estimate is given by:
V ,J(0) = Vylog Py(x) - f(x), where x ~ P,

« We can lower variance by draw /V i.i.d. samples from P, and averaging:

- ] &
V oJ(0) = N Z Volog Py(x;) f(x;)
i=1
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REINFORCE: A Policy Gradient Algorithm
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REINFORCE: A Policy Gradient Algorithm

-Let py(7) be the probability of a trajectory 7 = {5y, g, S1, A{s ---» Sg_1, Agy_1 }» 1.€.
po(7) = p(so)mg(ag | so)P(sy | So, ag)- - - P(Sy_y | Sy—2s ag_2)7g(ay_1 | Sg—1)
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H-1
_Let R(7) be the cumulative reward on trajectory 7, i.e. R(7) := Z r(s,, a,)

h=0
 Our objective function is:

JO) =E._ |R@)

~Po
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REINFORCE: A Policy Gradient Algorithm

-Let py(7) be the probability of a trajectory = = {s, ag, S1, A15 ---» Syy_1, Agy_1 }» i-€.

po(T) = u(sg)mg(ag | so)P(sy | g, ag) .- - P(Sy_1 | Sy—2> Ay_o)mweay_1 | Sp_1)
H-1

_Let R(7) be the cumulative reward on trajectory 7, i.e. R(7) := Z r(s,, a,)

h=0
 Our objective function is:

J6) =E,., R(T)]
- The REINFORCE Policy Gradient expression:

H-1
VoJ(O0) =E,, ( 2 Vln my(a, | S,,)) R(7)

h=0
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Proof

*From the likelihood ratio method, we have:
VoJ(©) :=E,., [Volnpy(z) R()
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Proof

*From the likelihood ratio method, we have:

VoJ(©) :=E,_, bveln (1) R(7)|
@ 2

-We have: pa
Voln py(7) = Vg(ln%/o) + In my(ay | sp) + In P(sy | 5o, ap) + ...
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Proof

*From the likelihood ratio method, we have:
VoJ(©) :=E,., [Vylnpy() R

*We have:
Voln py(7) = Vg(ln p(so) + Inmy(ay | sg) + In P(s; | sg, ag) + )

— V@(ln ﬂe(do ‘ So) + ln 71'9(611 ‘ Sl)' . )
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Proof

*From the likelihood ratio method, we have:
VoJ(0) :=E,., | Volnpy(7) R(D)]

*We have:
Voln py(7) = Vg(ln p(so) + Inmy(ay | sg) + In P(s; | sg, ag) + )

— V@(ln ﬂe(ao ‘ So) + ln 71'6(611 ‘ Sl)' . )

H—1
= ( Z V,n ny(a, | Sh)>

h=0
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Obtaining an Unbiased Gradient Estimate at 0,

h=0

H-1
Vol(O) :=E,._, [( Y Vylnzya,] sh)> R(T)]
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Obtaining an Unbiased Gradient Estimate at 0,

H-1
Vol(O) :=E,._, ( Y Vylnzya,] sh)> R(z)

h=0

1. Obtain a trajectory 7 ~ P,
(which we can do in our learning setting)
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Obtaining an Unbiased Gradient Estimate at 0,

H-1
VoJ©) :=E,._, ( Y Vylnzya,| sh)> R(z)

h=0

1. Obtain a trajectory 7 ~ P,
(which we can do in our learning setting)

2. Set:
. H-1
VoJ(Gy) = ( 2 Vinz, (a4, S;J) R(7)
h=0

We have: —[VQJ(QO)] — Vej(ﬂeo)
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PG with REINFORCE:
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PG with REINFORCE:

1. Initialize 6, parameters: 17, 1, ...
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PG with REINFORCE:

1. Initialize 6, parameters: 17, 1, ...
2. Fork=0,...:
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PG with REINFORCE:

1. Initialize 6, parameters: 17, 1, ...
2. Fork=0, ...:

1. Obtain a trajectory 7 ~ p,

H-1
Set V,J(0") = ) Vinz(ay|s,)R()
h=0

2. Update: 0" = 0" + * V16"

14



The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)
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The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)

1. Initialize 6, parameters: 17, 1, ...
2. Fork=0, ...:

1. Init ¢ = 0 and do M times:
Obtain a trajectory 7 ~ p:

H-1
Update: g « g + Z Vinz,(a,|s,)R(7)
h=0
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The (mini-batch) PG procedure with REINFORCE

(reducing variance using batch sizes of M)

1. Initialize 6, parameters: 17, 1, ...
2. Fork=0, ...:
1. Init ¢ = 0 and do M times:

Obtain a trajectory 7 ~ p:

H-1
Update: g « g + Z Vinz,(a,|s,)R(7)
h=0

— ]
2. Set V ,J(OF) = —
0J(0") Mg

15
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1. Initialize 6, parameters: 17, 1, ...
2. Fork=0, ...:

1. Init ¢ = 0 and do M times:
Obtain a trajectory 7 ~ p:

H-1
Update: g « g + Z Vinz,(a,|s,)R(7)
h=0
2. Set V J(0Y) = i
. 9 = g

3. Update: 0" = 0" + F V)65
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Other PG formulas
(that are lower variance for sampling)

H-1
vJ@O)=E,., ’( Z V,n ny(a, | Sh)) R(T)]

h=0
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Other PG formulas
(that are lower variance for sampling)

H-1
vJ@O)=E,., '( Z Vln my(a, | Sh)> R(T)]

h=0

H-1 H-1
o Z (Veln m(ay | s;) Z rt)
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Other PG formulas
(that are lower variance for sampling)

H-1
vJ@O)=E,., '( Z Vln my(a, | Sh)> R(T)]

h=0
H—-1 H—-1
_TNPQ Z V@ln ﬂ@(ah ‘ Sh) Z ry
h=0 t=h

H—-1
_TNPH [ V@hl ﬂ'g(ah ‘ Sh)Q;lTe(Sh, ah)]
h=0

17



Other PG formulas
(that are lower variance for sampling)

H-1
=7~y Z Volnzy(ay | s,) ) R(7)

VJ(O) =
h=0
H-1 H-1
=E,.,, | D, | Velnzgaylsy ),
h=0 t=h

H—-1
_TN,OQ 2 V@hl ﬂ'g(ah ‘ Sh)Q;;Q(Sh, Clh)
h=0

Intuition: Change action distribution at /2 only affects rewards later on...

HW: You will show these simplified version are also valid PG expressions
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An improved PG procedure:
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An improved PG procedure:

Initialize 6, parameters: 1,7, ...
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An improved PG procedure:

1. Initialize 6, parameters: 1,1, ...
2. Fork=0,...:
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An improved PG procedure:

1. Initialize 6, parameters: 1,1, ...

2. Fork=0, ...:
1. Obtain a trajectory 7 ~ p On a trajectory 7, define:
H-1 H-1
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h=0 1=h
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H-1 H-1
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An improved PG procedure:

1. Initialize 6, parameters: 1,1, ...

2. Fork=0, ...:
1. Obtain a trajectoryfl ~ P ok On a trajectory 7, define:
H— H-1
Set V4 J(0X) = Y (Vinzu(ay|s)R, (1)) R()= ) 1,
h=0 =h

2. Update: 0! = 9" + nkvgf(é’k)

Comments:

* We still have unbiased gradient estimates.
* Easy to use a mini-batch algorithm to reduce variance.
 Easy to compute the gradient in “one pass” over the data.

18
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With a “baseline” function:
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With a “baseline” function:

For any function only of the state, b, : § — R, we have:

H-1
vJo) =Ek,., l Z Vln ny(a, | sh)(Q;lfe(sh, a,) — bh(sh)>]

h=0

H—-1 H—-1
s | Y Volnzy(a, | sh)< D - bh(sh)>

20



With a “baseline” function:

For any function only of the state, b, : § — R, we have:

H-1
vJo) =Ek,., l Z Vln ny(a, | sh)(Q;lfe(sh, a,) — bh(sh)>]
h=0

? ZC>/ — TNp@lz Vonzny(a,|s;,) Z I _bh(sh)>]7

L ——

1=h

v D e fur (=0 L

U=,

20



Proof:
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Proof:
e We have:

H-1
vVJO)=E., Z Voln 7y(a,| Sh)Q;;e(Sh, a,)
h=0

H-1
= 2 Eyn [-ah~n<.|s,,> | Voln mya | )07 h)]]
h=0

(where s, ~ pyis a sample from the marginal state distribution at time h)
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Proof:
e We have:

H-1
vJ@o)=E,., [ Z V,n ny(a, | Sh)Q;;e(Sh, ah)]

h=0

H-1
= 2 Eyn [-ahw(.m,,) | Voln mya | )07 h)]]
h=0

(where s, ~ pgis a sample from the marginal state distribution at time h)
< 7 -
: . ¢ -~ -
* Jo see this, first note: ~
’ G\ V4 foe) T
- _ &
P, [Vlog Pe(x)c] = Cxi Q;@ 1% _

= ¢ Z V& =6 V% fp 6</

/S

—c VL =0

21



Proof:

We have:

H-1
vJ@o)=E,., [ Z V,n ny(a, | Sh)Q;ZTQ(Sh, ah)] —/@m [55, )

h=0

L

H-1
— Z —8,~Py [ _ahrv]g-lsh) l Vé’ln ﬂQ(ah ‘ Sh)Q]fe(Sh’ ah)]]
h=0

(where s, ~ pyis a sample from the marginal state distribution at time h)

To see this, first note:
=P, [Vlog Pe(x)c] —

ZOCS 7o (- S, ) [Q%W(

The claims follows due to that for any constant c,

=P, lVlog Py(x) (f(x) — c)]

21

= op, | V1og Py(x)f(x)]




(M=1) PG with a Naive (constant) Baseline:
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(M=1) PG with a Naive (constant) Baseline:

* et try to use a constant
(time-dependent) baseline:

by = Eevp [Ry(D)]
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(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 17, 1, ...
2. Fork=0,...:

1. Sample M trajectories, 7y, ..., T); under . Set:
* et try to use a constant

. | ~ 1 <
(time-dependent) baseline: h, = — z: R, (7))

0 h h\ %1
by = Eonp o |Ri(D)] M3
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(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 17, 1, ...

2. Fork=0,...:
1. Sample M trajectories, 7y, ..., T); under . Set:
* et try to use a constant | M
glgmf-ciependzntl)qbaselme: b, = - Z R, (1)
h = Eoop o [Ry(D) =1

2. Obtain a trajectory 7 ~ p

H-1
Set VJ(09 = Y VInz,(a,|s) (Rh(T) _ bh)
h=0
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(M=1) PG with a Naive (constant) Baseline:

1. Initialize 6,, parameters: 17, 1, ...

2. Fork=0,...:
1. Sample M trajectories, 7y, ..., T); under . Set:
* et try to use a constant | M
glgmf-ciependzntl)qbaselme: b, = - 2 R, (1)
h = Eoop o [Ry(D) =1

2. Obtain a trajectory 7 ~ p

H-1
Set VJ(09 = Y VInz,(a,|s) (Rh(T) _ bh)
h=0

3. Update: 0" = 0" + nk'%f(ek)
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Vi, (s)

The Advantage Function (finite horizon)

|

H-1

Z r(s,,a.)

=h

Sh:S

Q) (s,a) =

23

|

H-1

Z r(s,,a.)

=h

(Sha ah) — (Sa Cl)



The Advantage Function (finite horizon)

H—-1
Vi(s) = l Z r(s.,a.)

=h

 The Advantage function is defined as:

Sh:S

Q) (s,a) =
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The Advantage Function (finite horizon)

H-1
Qy(s,a) = l Z r(s.,a.)|(s,, a,) = (s, a)]

=h

H-1
Vi(s) = l Z r(s,a.)|s, =s

=h

 The Advantage function is defined as:

e We have that:
Eprun 1) |A7 (8- @)

S, h] — Z n(al|s)A/(s,a) = ?7? D
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The Advantage Function (finite horizon)

Vi(s) = l

 The Advantage function is defined as:

H-1

Z r(s,,a.)

=h

e We have that:
Eprun 1) |A7 (8- @)

Sh:S

Q) (s,a) =

M o

23

|

H-1

Z r(s,,a.)

=h

S, h] — Z n(al|s)A/(s,a) = ?7?
Y
A (S & w

(=g

(Sha ah) — (Sa Cl)



The Advantage Function (finite horizon)

H-1
Qy(s,a) = l Z r(s_,a.)| (s, a,) = (s,a)

=h

H—-1
Vi(s) = l Z r(s,a.)|s, =s

=h

 The Advantage function is defined as:

e We have that:
Eprun 1) |A7 (8- @)

S, h] = Z n(al|s)A/(s,a) = ?7?

 For the ,AM(s,a) = OQ"(s,a) — V*(s)
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Summary:

1. REINFORCE (a direct application of the likelihood ratio method)
2. Variance Reduction: with baselines

Attendance: Feedback:
bit.ly/3RcTCOT bit.ly/3RHtIxy
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