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Optimization Objective

- Consider a parameterize class of policies:
(my(als)| 0 € RY)
(why do we make it stochastic?)

.Objective max J(¢), where
0

H-1
J(O) = Esofvu [Vﬂe(so)] =FE__ or, l Z r(sy,, ah)]

h=0

 Policy Gradient Descent:
O+ = 9% + n VIO



REINFORCE: A Policy Gradient Algorithm

-Let py(7) be the probability of a trajectory = = {s, ag, S1, A15 ---» Syy_1, Agy_1 }» i-€.

po(T) = u(sg)mg(ag | so)P(sy | g, ag) .- - P(Sy_1 | Sy—2> Ay_o)mweay_1 | Sp_1)
H-1

_Let R(7) be the cumulative reward on trajectory 7, i.e. R(7) := Z r(s,, a,)

h=0
 Our objective function is:

J6) =E,., R(T)]
- The REINFORCE Policy Gradient expression:

H-1
VoJ(O0) =E,, ( 2 Vln my(a, | S,,)) R(7)

h=0




Proof

*From the likelihood ratio method, we have:
VoJ(0) :=E,., | Volnpy(7) R(D)]

*We have:
Vylnpy(7) = Vg(ln u(sy) + Inmy(ay | sg) + In P(sy | sg, ag) + )

— V@(ln ﬂe(ao ‘ So) + ln 71'6(611 ‘ Sl)' . )

H—1
= ( Z V,n ny(a, | Sh)>

h=0



PG with REINFORCE:

1. Initialize 6,, parameters: ;71, ;72,
2. Fork=0, ...:

1. Obtain a trajectory 7 ~ p,

H-1
Set V,J(0") = ) Vinz(ay|s,)R()
h=0

2. Update: 0" = 0" + * V16"



Other PG formulas
(that are lower variance for sampling)

H-1
=7~y Z Volnzy(ay | s,) ) R(7)

VJ(O) =
h=0
H-1 H—-1
=E,.,, | D, | Velnzyaylsy ),
h=0 t=h

H—-1
_TN,OQ 2 V@hl ﬂ'g(ah ‘ Sh)Q;;Q(Sh, Clh)
h=0

Intuition: Change action distribution at /2 only affects rewards later on...

HW: You will show these simplified version are also valid PG expressions
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With a “baseline” function: @
7

For any function only of the state, b, : S — R, we have: NS
H—1 e
VJ(O) = S l Z V,n ny(a | Sh)(Q;:@(Sh, a,) — bh(Sh)>] | (
h=0
H-1 H-1 - iv @GQJ
=E,., Z Voln zy(a, | Sh)< Z r, — bh(sh)> <
h=0 t=h

This is (basically) the method of control variates. P (o > é/
ccZ b W 2

* For the proof, it was helpful to note: ?@ VVD@'GC)
- [Vlog Pg(x)c] = () _

XNPQ

&~



Vi, (s)

The Advantage Function (finite horizon)

|

H-1

Z r(s,,a.)

=h

Sh:S

Q) (s,a) =

10

|

H-1

Z r(s,,a.)

=h

(Sha ah) — (Sa Cl)



The Advantage Function (finite horizon)

H—-1
Vi(s) = l Z r(s.,a.)

=h

 The Advantage function is defined as:

Sh:S

Q) (s,a) =

10

|

H-1

Z r(s,,a.)

=h
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The Advantage Function (finite horizon)

H-1
Qy(s,a) = l Z r(s_,a.)| (s, a,) = (s,a)

=h

H-1
Vi(s) = l Z r(s,a.)|s, =s

=h

 The Advantage function is defined as:

e We have that:
Eprun 1) |A7 (8- @)

S, h] — Z n(al|s)A/(s,a) = ?7? D
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The Advantage Function (finite horizon)

Vi(s) = l

 The Advantage function is defined as:

H-1

Z r(s,,a.)

=h

e We have that:
Eprun 1) |A7 (8- @)

Sh:S

Q) (s,a) =

|

H-1

Z r(s,,a.)

=h

S, h] = Z n(al|s)A/(s,a) = ?7?

(Sha ah) — (Sa Cl)

\%SQ

~

AT, (5a) = C
T s @,@7%\%[(
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The Advantage Function (finite horizon)

H-1
Qy(s,a) = l Z r(s_,a.)| (s, a,) = (s,a)

=h

H—-1
Vi(s) = l Z r(s,a.)|s, =s

=h

 The Advantage function is defined as:

e We have that:
Eprun 1) |A7 (8- @)

S, h] = Z n(al|s)A/(s,a) = ?7?

 For the ,AM(s,a) = OQ"(s,a) — V*(s)
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The Advantage-based PG:

H—-1
VJ(O) = E rmepi(D) [ Z V,n ny(a, | Sh)(Q;:e(Sh» a,) — bh(Sh)>]

h=0

11



The Advantage-based PG:

H—-1
VJ(O) = rmepi(D) [ 2 V,n ny(a, | Sh)(Q;lTe(sh, a,) — bh(Sh)>]

h=0
1

H—
_TN,OQ(T) l Z Vgln ﬂ@(ah ‘ Sh)A;;H(Sh, Clh)]

h=0
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The Advantage-based PG:

h=0

H—-1
VJ(O) = rmepi(D) [ 2 V,n ny(a, | Sh)(Q;lTe(sh, a,) — bh(Sh)>]

H-1
_TN,OQ(T) [ Z V@ln ﬂ@(ah ‘ Sh)A;;H(Sh’ Clh)]

h=0

- The second step follows by choosing b, (s) = V/'(s).
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The Advantage-based PG:

H-1
VJO) =E rmep(0) [ Z V,n ny(a, | Sh)(QZG(sh, a,) — bh(Sh)>]

h=0

H-1
_TNIOQ(T) [ 2 V@ln ﬂg(ah ‘ Sh)AlfQ(Sh, Clh)]

h=0

- The second step follows by choosing b, (s) = V/'(s).
- In practice, the most common approach is to use b,(s) as an estimate of V/(s).
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(M=1) PG with a Learned Baseline:
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(M=1) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
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(M=1) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

1. Sup. Learning: Using N trajectories sampled under 7z, estimate a baseline Zh
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H-1
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1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

1. Sup. Learning: Using N trajectories sampled under 7z, estimate a baseline Zh
b(s) =~ VO(s)
2. Obtain a trajectory 7 ~ p

H-1
Set V HJ(H") = 2 Vin zgla, | s;,) (Rh(T) — b(Sh))
h=0

3. Update: 0! = 0 + nkvgf(é’k)
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(M=1) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

1. Sup. Learning: Using N trajectories sampled under 7z, estimate a baseline 'Eh
- k
b(s) ~ VI (s)

2. Obtain a trajectory 7 ~ p

H-1
Set V ,J(0") = Z Vin zg(ay, | s)) (Rh(f) - b(sh))
h=0

3. Update: 07! = 0" + M’%J(@k)
Note that regardless of our choice of Zh(s), we still get unbiased gradient estimates.
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(minibatch) PG with a Learned Baseline:
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(minibatch) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

Using NN trajectories sampled under 7z, estimate a baseline b,
Hk
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(minibatch) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

1. Sup. Learning: Using N trajectories sampled under 7z, estimate a baseline Zh
— ok
b(s) = V; (s)

2. Obtain M trajectories 7, ...Ty; ~ Pu:
M H-1

— 1 ~
Set V,J(01) = — D, D, Vinzg(a s,;””)(Rh(f”“> - b(Sh))
m=1 h=0
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(minibatch) PG with a Learned Baseline:

1. Initialize 6,, parameters: 17, 1,, ...
2. Fork=0, ...:

1. Sup. Learning: Using N trajectories sampled under 7z, estimate a baseline Zh
— ok
b(s) = V] (s)

2. Obtain M trajectories T, - TM ~ Pk
M H-1

Set V ,J(0Y) = Z Y Vinzgda)"| s,g")(Rh(fm) _ b(sh))
m 1 h=0
- w
3. Update: 0“7 = 0" + »* V@J(Hk) N

AL LS, e,

13
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Policy Parameterizations

Recall that we consider parameterized policy 7,( - |s) € A(A), Vs

1. Softmax linear Policy 2. Neural Policy:

Neural network

Feature vector ¢(s, a) € R<, and
Ps, @) fo: SXA PR

parameter 8 € R?

exp(é’Tqb(s, a)) exp(fo(s,a))

my(a | 5) =

my(a | 5) =

Za/ exp(0' ¢(s, a)) Za, exp(fy(s,a’))

16



Softmax Policy Properties

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

my(a | 5) =

17



Softmax Policy Properties

Two properties (see HW):

exp(6 ' ¢(s, a))
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Softmax Policy Properties

Two properties (see HW):

- More probable actions have features which align with 6.
Precisely,

mals) = my(a’|s) if and only if 0'd(s,a) > 0"¢(s,a’)

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

my(a | 5) =

17



Softmax Policy Properties

Two properties (see HW):

- More probable actions have features which align with 6.
Precisely,

mal|s) = mya'|s) if and only if 0'd(s,a) > 0"¢(s,a’)

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

my(a | 5) =

* The gradient of the log palicy is: N
Vﬁlog(ﬂﬁ(a ‘ S)) — ¢(S9 a) o _a’Nyz'H(-|S)[¢(S9 a,)]
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Softmax Policy Properties

Two properties (see HW):

-
m)(als) = exp(0_¢(s,a)) - More probable actions have features which align with 6.
Za, exp(0'¢(s,a’)) Precisely,
mal|s) = mya'|s) if and only if 0'd(s,a) > 0"¢(s,a’)
The gradient of the log policy is:
lOg(ﬂg(a |5)) = (s, a) — = i (-15) (S5 @)
» We have: AL‘ % T \

H-1
VJ(H) — _T~p9 |: Z Q;;M¢(Sh’ ah) o _d,Nﬂg('lSh)[¢(Sh’ CZ,)]):|
h=0

H-1 —>
_TNIOQ |: Z A;lzg(sh’ ah)¢(sh’ ah):|
h=0
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Fitted Policy lteration:

. Initialization: choose a policy 7 : S — A and a sample size N
e Fork=0,1,..
1. Fitted Pollcy Evaluation: Using N sampled trajectorles
71, ... Ty ~ P 1 Obtain approximation Q”

2. Policy Improvement: set Jr]ff L(s) = arg max Q” (s,a,h)

19



Fitted Policy lteration: Advantage Version

 |nitialization: choose a policy 7’ :S+— Aanda sample size N
e Fork=0.,1,...

1. Fitted Policy Evaluation: Using /V sampled trajectories

- : . ~ _k k
T, ... Ty ~ P, Obtain approximation A ~ A”

2. Policy Improvement: set Jr]ff l(s) := arg max A”k(s, a, h)
a

20



The Performance Difference Lemma (PDL)
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The Performance Difference Lemma (PDL)

(&)
1s

-Let p7, be the distribution of trajectories from starting state s acting under 7.
(we are making the starting distribution explicit now).
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The Performance Difference Lemma (PDL)

-Let p ; be the distribution of trajectories from starting state s acting under 7.
(we are making the starting distribution explicit now).

- For any two policies 7 and 7 and any state s,
H-1

VA(s) = Vi) =H-E,.,_ | ) AXs.a)
h=0
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The Performance Difference Lemma (PDL)

-Let p ; be the distribution of trajectories from starting state s acting under 7.
(we are making the starting distribution explicit now).

- For any two policies 7 and 7 and any state s,
H-1

VE(s) = Vi(s) = B E,.,_ | ) AXs).a)
h=0

Comments:
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The Performance Difference Lemma (PDL)

-Let p ; be the distribution of trajectories from starting state s acting under 7.
(we are making the starting distribution explicit now).
- For any two policies 7 and 7 and any state s,

H-1
Vis) = Vi) =H -k, 2 A (s, ap)
h=0

Comments:
*Helps us think about error analysis, instabilities of fitted Pl, and sub-optimality.
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The Performance Difference Lemma (PDL)

-Let p ; be the distribution of trajectories from starting state s acting under 7.
(we are making the starting distribution explicit now).
- For any two policies 7 and 7 and any state s,

H-1
Vis) = Vi) =H -k, 2 A (s, ap)
h=0

Comments:
*Helps us think about error analysis, instabilities of fitted Pl, and sub-optimality.

*Helps to understand algorithm design (TRPO, NPG, PPO)
» This also motivates the use of “local” methods (e.g. policy gradient descent)
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Back to Approximate Policy lteration (API)
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Back to Approximate Policy lteration (API)

k+1

*Suppose m~ gets updated to 7" . How much worse could 71 pe?
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Back to Approximate Policy lteration (API)
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k
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.Since A (s,a,h) ~ Al (s,a,h), we expect some error.
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*In the worst case, let us consider the most negative advantage:

A__ := min A;fk(s, 71(s))
SES

-Here, if A < 0, it is possible that degradation may occur:
k+1

VE " (s0) = V7 (sg)—H - | A |

Proof sketch:
- Fitted Pl does not enforce that the trajectory distributions, and p_..1, be close to each other.
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Back to Approximate Policy lteration (API)

*Suppose " gets updated to 71, How much worse could 75! be?
k

*Suppose , 71 choose an action which has a negative advantage for 7.
T k
.Since A (s,a,h) ~ Al (s,a,h), we expect some error.
*In the worst case, let us consider the most negative advantage:

A__ := min A;l’k(s, 71(s))
SES

-Here, if A < 0, it is possible that degradation may occur:
k+1

VE " (s0) = V7 (sg)—H - | A |

Proof sketch:
- Fitted Pl does not enforce that the trajectory distributions, and p_..1, be close to each other.

- Suppose the p_i+1 has full support on these worst case states s
(.e. we get trapped at this state where we made a bad choice).

22
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A trust region formulation for policy update:
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A trust region formulation for policy update:

 What’s bad about fitted PI?
even if we pick better actions “on average”, the trajectory updates are unstable
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A trust region formulation for policy update:

e What's bad about fitted PI?

even if we pick better actions “on average”, the trajectory updates are unstable
 Can we fix this?

Let’s look at an incremental policy updating approach.

1. Init 71'0

2. Fork=0,...K:

try to approximately solve;
H-1

(9k+1

=argmaxk, ., 2

g h=0

s.t. pyis “close” to pu

3. Return 7y
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A trust region formulation for policy update:

e What's bad about fitted PI?

even if we pick better actions “on average”, the trajectory updates are unstable
 Can we fix this?

Let’s look at an incremental policy updating approach.

1. Init 71'0

2. Fork=0,...K:

try to approximately solve;
H-1

(9k+1

=argmaxk, ., 2

g h=0

s.t. pyis “close” to pu
3. Return 7y

How should we define “close”?
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KL-divergence: measures the distance between two distributions

Given two distributions P & O, where P € A(X), O € A(X),
KL Divergence is defined as:

KL(P|O) = E [ln P(x)]
T o
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KL-divergence: measures the distance between two distributions

Given two distributions P & O, where P € A(X), O € A(X),
KL Divergence is defined as:

KL(P ‘ Q) — Lx~P lln ]

Examples:

f Q = P, then KL(P|Q) = KL(Q|P) = 0
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KL-divergence: measures the distance between two distributions

Given two distributions P & O, where P € A(X), O € A(X),
KL Divergence is defined as:

KL(P ‘ Q) — Lx~P lln ]

Examples:
If O = P, then KL(P|Q) = KL(Q|P)=0

if P = N (g, 6°1), 0 = N (iy, 6°I), then KL(P | Q) = — ||y — i, ]|?

20%
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KL-divergence: measures the distance between two distributions

Given two distributions P & O, where P € A(X), O € A(X),
KL Divergence is defined as:

KL(P|0) = E [ln P(x)]
o)

Examples:
If O = P, then KL(P|Q) = KL(Q|P)=0

if P = N (g, 6°1), 0 = N (iy, 6°I), then KL(P | Q) = — ||y — i, ]|?

20%

Fact:

KL(P|Q) > 0,and beingOifandonlyif P = Q

25



Trust Region Policy Optimization (TRPO)

1. Init 7[0
2. Fork=0,...K:

H-1

=argmaxk, ., Z

9k+1

7 h=0

s.t. KL (pﬂk\p@) <0

3. Return 7y

« We want to maximize local advantage against 7,

but we want the new policy to be close to 7, (in the KL sense)
« How do we implement this with sampled trajectories?)

26



How do we implement TRPO with samples?

1. Initialize staring policy 7;, samples size M

2. Fork=0,...K:
1. [A-Evaluation Subroutine]

Using M sampled trajectories, 7y, ...7y, ~ p,

—/

A (s, a) = A(s, a)

2. Solve the following optimization problem to obtain 7 _

M H-—1
m
max 3 ¥ Eonrp A (57> @)
m=1 h=0

M
)
m=1

H-1 )
h=

2 | —0cTh 1R <5
/ <a;z@ \ )
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TRPO is locally equivalent to the NPG

TRPO at iteration k:

H—-1
k
_ n T
max S0 - - 'SH—le]z'k 2 Cthﬂ'g(Sh)A (Sh’ ah)
/ h=0

s.t. KL (pﬂk\ p@) <5

Intuition: maximize local adv subject
to being incremental (in KL);

29



max

TRPO is locally equivalent to the NPG

TRPO at iteration k:

H—-1

SO”"SH—lN/On-k : {

h=0

k
- Cthﬂ(g(Sh)Aﬂ (Sh’ ah)

s.t. KL (pﬂk\ p@) <5

Intuition: maximize local adv subject
to being incremental (in KL);

—» First-order Taylor expansion at o

—» second-order Taylor expansion at o



max

TRPO is locally equivalent to the NPG

TRPO at iteration k:

H—-1

SO”"SH—lN/On-k : {

h=0

k
- Cthﬂ(g(Sh)Aﬂ (Sh’ ah)

s.t. KL (pﬂk\ p@) <5

Intuition: maximize local adv subject
to being incremental (in KL);

—» First-order Taylor expansion at o

—» second-order Taylor expansion at o



max
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TRPO at iteration k:
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k
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Intuition: maximize local adv subject
to being incremental (in KL);

—» First-order Taylor expansion at o

—» second-order Taylor expansion at o
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max

TRPO is locally equivalent to the NPG

TRPO at iteration k:

H—-1

SO”"SH—lNIOn-k : l’

h=0

ay,~7ry(S),

s.t. KL (pﬂk\ p@) <5

k
)Aﬂ (sp,» ay,)

Intuition: maximize local adv subject
to being incremental (in KL);

—» First-order Taylor expansion at o

—» second-order Taylor expansion at o

max V ,J(75) ' (0 — 6%)
0
s.t. (0 —0NTF (60— 0 <6




TRPO is locally equivalent to the NPG

TRPO at iteration k:

H-1
max [ Z - A”k(s a,) k
g S0 SH-1P gk Ay~ 7y(Sp) h> ~h —» First-order Taylor expansion at &
h=0

—» second-order Taylor expansion at o
s.t. KL (pﬂk\ p@) <5

Intuition: maximize local adv subject
T k
to being incremental (in KL): mHaX Vej(ﬂek) (0 —6%)

s.t. (0 —0NTF (60— 0 <6

(Where ng is the “Fisher Information Matrix”)
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NPG: A “leading order” equivalent program to TRPO:

1. Init 71'0

2. Fork=0,...K:
0! = arg max V@J(ﬂ:@k)_r(g — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y
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NPG: A “leading order” equivalent program to TRPO:

2. Fork=0,...K:
0! = arg max V@J(ﬂ:@k)_r(g — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y

. Where V,J(7,) is the gradient at 6* and
» Iy is (basically) the Fisher information matrix at 6 € Rd, defined as:

Fo = Fovy, lvﬁlnp@(f)< Velnﬂe(f))T] e R4

H-1

T

_TNIO@ l Z V(gln ﬂ@(ah ‘ Sh)( V@hl ﬂ@(ah ‘ Sh)> ]
h=0
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There Is a closed form update:

1. Init 71'0

2. Fork=0,...K:
0! = arg max V@J(ﬂ(gk)_r(e — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y
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There Is a closed form update:

1. Init 71'0

2. Fork=0,...K:
0! = arg max V@J(ﬂ(gk)_r(g — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y

Linear objective and quadratic convex constraint, we can solve it optimally!
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There Is a closed form update:

1. Init 71'0

2. Fork=0,...K:
0! = arg max V@J(ﬂ(gk)_r(g — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y

Linear objective and quadratic convex constraint, we can solve it optimally!

Indeed this gives us:

Ot = 0" + nF 'V o J(my)

31



There Is a closed form update:

1. Init 71'0

2. Fork=0,...K:
0! = arg max V@J(ﬂ:@k)_r(e — 69
0

s.t. (0 — 0N F (-0 <6
3. Return 7y

Linear objective and quadratic convex constraint, we can solve it optimally!

Indeed this gives us:

Ot = 0" + nF 'V o J(my)

Wh °
ere 1 —
! V@J(ﬂ'gk)TFe_kl V@J(ﬂ'gk)
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Summary:

1. Variance Reduction: with baselines
2. Perf. Diff Lemma/ TRPO/ NPG

Attendance: : \ Feedback:
bit.ly/SRcTCIOT »<L V( ’ [/6/\ QQ%CQ bit.ly/3RHtIxy
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An Implementation: Sample Based NPG

1. Init 71'0

2. Fork=0,...K:
o Estimate PGV, J(7my)

H—1
.
Estimate Fisher info-matrix: Fe = E., | Z Vin zy(a, | Sh)( Vin zyday, | Sh))
h=0

-] —m——

» Natural Gradient Ascent: @**! = g% + ;777; V o J (74

3. Return g
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An Implementation: Sample Based NPG

1. Init 77:0

2. Fork=0,...K:
o Estimate PGV, J(7my)

H-1
.
Estimate Fisher info-matrix: Fge = E__, Z Vin zy(a, | Sh)( Vin zy(a,, | Sh)>
h=0

-] —m——

. Natural Gradient Ascent: @1 = g% + 7777; V o J (74

3. Return g

(We will implement it in HW4 on Cartpole)
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Example of Natural Gradient on 1-d problem: 2 actions, 1 state

0 1
(ol 1], mpl2]) := ( exp(6) )

1 +exp(@) 1+ exp(6)
JO@) =100 - [ 1] + 1 - my|2]
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Gradient: J'(0) =

99 exp(0)

(1 + exp(0))*
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99 exp(0)
(1 + exp(0))?
99 exp(6%)

Gradient: J'(0) =

Exact PG: 9ct! = 9% +

! (1 + exp(6¥))?
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Example of Natural Gradient on 1-d problem: 2 actions, 1 state

exp(0) : ) Gradient: J'(0) = 79 exp(©)
1 +exp®)’ 1+ exp(d) (1 + exp(0))?
99 exp(6%)

(779[1], 779[2]) .= (

J(0) = 100 - my[1] + 1 - 7yl 2] Exact PG: ! = 6% + y
” (1 + exp(6¥))?
% .e., vanilla GA moves to @ = oo with smaller
— 00 0o and smaller steps, since J'(f) > 0 as 6 — oo
. . exp(@
Every possible policy Is a Fisher information scalar: F, = P(®)
point on the line segment, (1 + exp(0))?
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NPG: 0"t = 0 + g

Fy

1 ﬂ[lj
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